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Chapter 1

Introduction

With mathematical modeling and computer simulation, we are now able to solve prob-
lems in many fields such as weather and pollution forecasts, underwater measuring, semi-
conductor device simulation and so on. When dealing with these problems, we are often
required to solve partial differential equations(PDEs). Because it is usually very difficult
to solve such problems mathematically, numerical algorithms or schemes become quite in-
dispensable to obtain acceptable approximate solutions. Nowadays, many methods have
been developed, such as finite element method(FEM), the finite difference method(FDM),
the finite volume method(FVM) and so on (cf.P.Knabner [30] for an overview and basic
introduction). Among these methods, the finite element method is a popular one, and has
been integrated into many computer aided engineering(CAE) systems. The popularity
of FEM is proberbly due to its sound mathematical foundations such as a priori and a
posteriori error estimations as well as its practicality. The focus of this work is on error
analysis of the finite element methods.

There is a large number of literatures on FEM, for example, both textbooks of C.
Johnson [24] and P.G. Ciarlet [15] have lists of numerous references in this area. Simply
speaking, the finite element method is a kind of Galerkin’s method, in which a variational
form of the given PDE is solved in a finite dimensional space. The obtained solution uy,, as
an approximation of the exact one u, is usually different from u. To assure the reliability
and efficiency of the computations, it is important to estimate the error u — u;, in some
suitable norms. For this purpose, a priori and a posteriori error estimation theories for
FEM have been developed to estimate and further to control the approximation errors.

A priori error estimate is based on the exact but unknown solution together with given



data to predict the final computation error, while a posteriori one also utilizes the knowl-
edge of the obtained computational result u,. In either case, there appear a number of
positive constants besides the standard discretization parameter h and norms, but it has
been proved very difficult to evaluate such constants explicitly. For quantitative purposes,
however, it is essential to evaluate or bound these constants as accurately as possible, be-
cause sharper estimates enable more efficient finite element computations. Therefore such
evaluations have become progressively and increasingly important and have specifically
been attempted for adaptive finite element calculations relying on a posteriori error esti-
mates. At the beginning of Chapter 2, we explain in detail how to derive these constants
and demonstrate their role in the error estimation.

The need of explicit evaluation of the constants mentioned above also comes from
mathematical proofs based on numerical verifictions. As is well known now, we can
monitor the round-off error of floating point computation in the computer by the interval
analysis [41, 42, 19]. Utilizing theories of verified computations, such as known as Nakao’s
theory [38], Nakao gave mathematical proofs of existence of the solutions for various
elliptic problems (cf. [37, 52] and the references therein). However, there are also various
error constants to be evaluated for quantitative error estimates. The accurate estimation
of these constants has great effects on the success of the interval computation.

Evaluation of the error constants has been proved to be very difficult. Some people
tried to give rough bounds by the path integration method [48, 40], or by the interpolation
remainder theory [21, 10, 9, 44]. In [4, 47|, the finite element method was used to provide
approximate evaluations without estimation for the approximation error. The interval
computing was also employed to provide quite satisfactory enclosing a certain constant
[36, 39], where the computation was done with quite complex procedures.

As we will see, interpolation error on narrow element is related to the dependency
of constant on the geometric shape of the element. Babuska and Aziz considered the
case of triangular element and proposed the "maximum angle condition”[6], which states
that, if the maximum interior angle is fixed, the H' norm of Lagrange interpolation error
is bounded even the smallest interior angle approaches zero. In the 3D case, the maxi-
mum angle condition for nodal interpolation on tetrahedron element was also discussed
in [1, 31], where it was shown that the error in H' norm cannot be bounded under the
"maximum angle condition”, so that some other kinds of interpolations rather than La-

grange one may be recommended.



Outline of our research

In the following chapters, we will study various error constants appearing in the er-
ror estimates of conforming and nonconforming linear triangular FEMs. The obtained
constant values or upper bounds will be used to give quantitative error estimates for the

finite element solutions.

In Chapter 2, we will derive some fundamental estimates for the interpolation error
constants appearing in the conforming linear triangluar finite elements. For each constant,
we characterize them by appropriate Rayleigh quotient over a specified linear space, and
then study the properties of the constant, such as the continuity, monotonicity, asymp-
totic behaviours when one edge tends to zero, and so on. In this work, we again verify
the "maximum angle condition” by analyzing the dependency of constants on geometric
parameters of the element.

We will also try to determine the concrete values of constants. In the case of isosceles
right triangle, we successfully determine several constants, including the Babuska-Aziz
constant [28]. By showing these constants to be related with the root of some transcen-
dental functions, we can evaluate the constants with arbitrary precision. For some other
constants, we also find reasonable upper bounds. Thus it becomes possible to perform
quantitative interpolation error estimation and consequently computable error evaluation

of finite element solution.

In Chapter 3, we present quantitative error estimates for the linear nonconforming
finite element. More specifically, we introduce the Fortin interpolation and another edge-
wise interpolation, and then study the error constants appearing there. Although we can-
not determine the concrete values for these constants even in the case of special triangles,
we are able to give upper bounds for them by utilizing the methods established in Chapter
2. The research implies that the maximum angle condition is also important in the linear

nonconforming FEM. Some results in triangular element are also extended to the 3D case.

In Chapter 4, we consider eigenvalue problems of the Laplace operator and propose

a posteriori estimation method to evaluate the constants which are associated to second



order ODE’s. As we will see, search for concrete values of the error constants usually
results in solving some eigenvalue problems for operator —A or A2, where various con-
straint conditions are imposed on the associated function spaces, for example, vanishing
of integration over the domain. Due to such constraints, the eigenfunctions will be subject
to nonhomogeneous Dirichlet or Neumann bounding conditons and hence the eigenvalue
is very difficult to obtain. We solve one of these problems by constructing an auxiliary
function to make the boundary condition homogeneous, adopting the ideas of Nakao in
(36, 39].

As an application of our proposed method, we also consider the eigenvalue problem
of Laplacian over disk with the homogeneous Dirichlet condition, and give quantitative

upper and lower bounds for the minimum eigenvalue.

In Chapter 5, we give a hypercircle-based a posteriori error estimates method for the
FEM solutions of Poisson’s equation, where the linear conforming FEM and nonconform-
ing one are used together. Once the verified computation becomes truly reliable, the
method is expected to give mathematically correct error estimate. It should be pointed
out that our proposed method can even be applied to singularity problem, for exam-
ple, Poisson’s equation with homogeneous Dirichelt boundary condition on the L-shaped
domain. The computational results demonstrate the validity of this method in such a

case.



Chapter 2

Conforming P; triangular finite
element

2.1 Motivation of research on error constants

Where do the error constants come from and why do we consider them?

As an answer to this question, we would like to explain the motivation of our research
on the error constants and also demonstrate the important role of error constants espe-

cially in error analysis for finite element method (FEM).

2.1.1 Conforming P, finite element for model problem

We start with Poisson’s equation as a model problem, and will apply the conforming

P, finite element to find approximation of the solution.

Let © C R? be a polygonal domain with the boundary T'. Given f € Ly(f2), there
exists a unique solution v € H'(Q) that, in the sense of distribution, satisfies the following

Poisson’s equation with homogeneous Dirichlet boundary condition
—Au=finQ, wu=0onl. (2.1.1)
Thus, the function u € H}(€) is the unique solution of the variational problem,
(Vu, Vo) = (f,v), VYove Hy(Q). (2.1.2)

5



For this well-posed problem, we can define an operator G by G : f € Ly(Q2) — u € HL(Q).
Here we also assume that the problem is a regular one (cf. Chapter 3.2 of [15]), that
is, the solution u € H?*(Q) N H(Q) and there exists a positive constant C” such that
|ullg2) < C'||fllr2- As is known, if the domain € is a convex polygonal one, the
problem in (2.1.1) is a regular one, where the constant C’ can be taken as the unity.

In most cases, due to the complexity of the domain €2 and the given data f, we cannot
obtain the explicit solution for the given problem. However, we can approximate the so-
lution in finite dimensional spaces by utilizing the corresponding variational forms, where
the theories of finite element methods ensure the validity and reliability of the compu-
tation. In this chapter, we will focus on the conforming P; FEM and then in the next

chapter, the case of nonconforming P; FEM.

To apply the triangular P; FEM to the problem above, let us consider a regular family
of triangulations {77}, of Q, ( cf.[15] for the terminology regular ) and then construct
the finite element space V! 7 C H(Q) for each T":

con

vh = {ve C(Q)| v is linear on each K € 7";0 =0o0n 09Q. }, (2.1.3)

conf :

where C(€) denotes all the continuous function over (:= closure of 2). Thus the finite
element approximation u, € V2 . of the above u € Hj(2) is now uniquely determined
by imitating (2.1.2) in V2

(Vuh, Vvh) = (f, Uh), Y, € ‘/c}énf . (214)

Within this section, we will also abbreviate V;]}mf as V" if there is no fear of confusion.

Note that V" may present other kind of spaces under various situations.

2.1.2 A priori error estimates

Letting u and uj be theose defined above, an important fact in the error analysis of
the Ritz-Galerkin FEM is the following best approximation property:

|u — up|10 = min |u— vyl 0, (2.1.5)
’UhGVh

6



where |1  is the standard H' semi-norm for functions over domain Q. Another important

one is the Lo-error estimate based on the Aubin-Nitsche trick: (See Theorem 3.2.4 of [15])

Gog —
lu—unllo < [u—upfr,o sup  inf |G = vnlvo

(2.1.6)
geLa@\foy eV [glle

Let II} be a nodal value interpolation operator that maps a function u € H?*(Q) N
H}(Q) — C(Q) to V", that is

(IT} u) (ps) = u(p;) for each vertex p; of 7y, . (2.1.7)
From (2.1.5), an error estimate based on the interpolation function IT}u is given by
lu —uplio < Ju—Mulig < Chlulag < CC'| flla, (2.1.8)

where C is a constant independent of u and h. Also, taking v, = IT} (Gg) in (2.1.6), we

have . . G
— 11
sup ‘ g h g‘l,Q < Oh’ 9’2,9 S Oclh )
g€ La(\{0} lglle gm0y llglle
Hence, by adopting (2.1.6) and (2.1.8), we have
||u — UhHQ S C’C”h\u — uh\LQ S (OO’h)QHfHQ . (219)

From the analysis above, we can see that the boundedness of the constants C' and
C" ensures a priori error estimates for the FEM solution. However, the values of these
constants are usually very difficult to obtain. The main objective of this dissertation is
to give concrete values or upper bounds for various constants appearing in FEM error
analysis and further to make quantitative error estimation for FEM solutions. As these

constants are closely related to error estimates, we call them ”error constants”.

Before further discussing the error constants, we also recall one kind of a posteriori

estimate for FEM to show the role of the error constants.

2.1.3 A posteriori error estimates

A posteriori error estimation is also feasible and effective in various situations such as

adaptive FEM computation. Here, as a demonstration, we explain a special and rather

7



classical a posteriori error estimate method briefly to show the indispensability of the
interpolation function together with the error constants. Detailed analysis can be found
in the subsequent sections.

Let g be an arbitrary vector function taken from
H(div; Q) := {q € Ly(Q)?] divg € Ly()} . (2.1.10)
Using the Green theorem, we have,

u—uliq = (V(u—u),V(u—u))o = (u—up—Au)g — (V(u—u), Vuy)o
= (u—un, flo+ (V(u—un),q¢ = Vup — q)o
= (u—up, f+divg)o+ (V(u—un), ¢ = Vup)g

< u—unlle - |1f + divglle + [u —uplra - lg = Vunlla -
Applying the former part of (2.1.9), we have
lu—uplo < CCR||f+divglla+ [lg — Vunlla - (2.1.11)

The estimate above becomes an a posteriori one if ¢ is specified appropriately. The
most elegant but quite a restrictive choice is based on the hyper-circle method [29], where
q is chosen so that f+divg = 0 and hence the the use of CC’ becomes unnecessary. More
common and practical approach is to obtain ¢ by post-processing of u;, for example,
by averaging or smoothing Vuy so as to belong to H(div;{2). To make this approach
effective, it is necessary that ||¢ — Vuy||o = O(h) and preferably || f + div ¢||o = o(h). A

kind of a posteriori Lo-error estimate is also obtainable by using (2.1.9),
|u — unllo < (CC'R)?||f + div g|lq + CC'h||qg — Vuy]|q - (2.1.12)

Once again, we observe the importance of the concrete values of the error constants.
In the following section, we will introduce necessary constants and develop methodology

to give sharp estimates.

2.2 Interpolation functions and error constants

We have demonstrated the importance of the interpolation error constants in the error

estimation for the finite element methods. From this section, we will investigate several



error constants related to triangular finite elements.

First of all, we give the necessary notations and define the error constants. Let h, «

and 6 be positive constants such that
T e
h>0,0<a§1,(§§)cos §§9<7r. (2.2.1)

We denote by T, 5 the triangle AOAB with 0(0,0), A(h,0), B(ahcosf, ahsin®) as
three vertexes. The conditions in (2.2.1) imply that AB is the edge of maximum length,
while OA is the medium edge and OB the shortest one. Notice that the notation h is
mostly used as the largest edge length in standard textbooks such as [15], but our usage
of h as the medium one may be convenient for the present purposes. A point in T, ¢, or
over its closure is designated by = = (x1,2), and three edges ej, es and ez of T, ¢, are
defined as

e1 =0A,eo =0B,e3 =0C".

Thus each triangle can be configured with three parameter «, 6 and h by an appropri-

ate congruent transformation. Like the usage in [6], we will use abbreviated notations
Too=Tuo1, Ta =Torpe and T =T (Fig 2.2).
B(ah cos 6, ahsin )

Too.n
ah

A(h, 0)

o S

Figure 2.1: Triangular element Ty, ¢,

Before further considering the constants, let us introduce several function spaces. On
domain T, g, we use the popular Hilbert space Ly(7,0,), where the norm is denoted
by || |o(zagn)s OF || - [I7.,, if there is no fear of confusion. When we need to use the
Ly space and its norm for other domains such as 2, we will use notations such as Ly ()
and || - || The spaces H' (T, ) and H?*(T, ) are respectively the first and the second-

order Sobolev spaces for real square integrable functions over T, [2]. The symbols

9



B(ahcosf, ahsin§) B(acosf, asin)

Ta0,h
ah
¢ A(h
5 - (1,0)
B(0, )
T, = Ta% T=T
0 A(1,0) 0 A(1,0)

Figure 2.2: Notations for triangles

Ou/0x;, O;u and u,, will all denote the partial derivative of function u with respect the
variable z;. The standard semi-norms for H'(T, ;) and H*(T,) are represented by
|- = 02, [|0v/0z;|)Y? and ||, = (Z?,j:1 10%v/0z;02,||*)Y/? respectively. Similarly

we also use |- |10 and |- |20

Let us define the following closed linear subspaces of H (T, 9.5) or H*(T, 1) for func-

tions over T}, g 5:

Vign={veHY aeh!/ dx =0}, (2.2.2)
oi,&h {veHY a6h|/ (1=1,2,3), (2.2.3)
Vaeh {v e H? (Taon)| v(0) =v(A) =v(B) =0}, (2.2.4)

where ds is the line element. For other domains like 2, we will also use spaces such as
H'(Q) and H?*(Q) later. For the above spaces, we will again use abbreviated notations
az(, = V(jﬂ’l, Vi= VZW/2 and V= V(0 <i<4).
The spaces above are introduced for the purpose of giving error estimate of conforming
P, FEM. There will appear several other spaces introduced in the next chapter.
In the following, let us consider the usual Fy interpolation operator II, , , and Py one

IT}, 5, for functions on T4 [12, 15].

10



Interpolation operators

Averaged interpolation function: For each v € H'(T,p4) (or even v € Lo(Thpr)),

IT3, 5 v is a constant function well-defined by

(Hgﬁ,hv>(x) :/ U(?JM?J// dy (Vo eThpn) - (2.2.5)
To,0,n To,0,n

Nodal Lagrange interpolation function: For each v € H*(T,g.4), H}w,hv is a linear

polynomial function such that
(11} g ,v) (z) = v(z) for x = O, A, B. (2.2.6)

To give error estimates for these interpolation operators, it is natural to evaluate

positive constants defined by

HUHTa,e,h

Ci(a,0,h) =  sup ——== (1=0,1,2,3), (2.2.7)
veVi o, \{0} vl1,70 00
v
Cy(a,0,h) = sup M , (2.2.8)
veVi, , \{0} vl2,7 0.0
v
Cs(a,0,h) = sup HHA : (2.2.9)

veVi, , \{0} vl2,7 0.0

The existence of these positive constants follows from the Rellich compactness theorem
and the "sup” here can be actually replaced by "max”. Due to the properties to become
clear soon, such constants, together with some related ones, are often called interpolation
error constants. We will again use abbreviated notations C;(«, 8) = C;i(«, 0, 1), Ci(«a) =
Ci(a,m/2) and C; = Cy(1) for 0 <7 < 5.

By a simple scale change, we find that C;(«a,8,h) = hCi(a,0) (i = 0,1,2,3,4) and
Cs(a, 0, h) = h*Cs(a, 0). These relations and constants are used to derive popular inter-

polation error estimates for Héﬁ’h (¢ =0,1) applied to functions on Ty g [15, 30, 12]:

v =TI 6. 5v]| < Coler, O)h|v]r, Yo € H (Thon), (2.2.10)
lv =TI} g vt < Cala, 0)h|v]a, Vv € H*(Toon), (2.2.11)
v =T g vl < Cs(a,0)h|v]e, Yo € H*(Taon) (2.2.12)

where we have used the facts that v —TI), 5 v € V), for v € H' (Tapp) and v =11}, 4 v €
Voi&,h for v € HQ(TQ,QJL).

11



Moreover, in the present coordinate system (Figure 2.1), we have, for the partial
derivative djv(= 0v/0x1) of v € H*(Tw 1),

101(v =TI  40) | < Ci(e, O)h |01 (2.2.13)

since Oy (v —II%, 5, v) € Vi g,. On the other hand, we can give an interpolation estimate

in terms of Cy(cv, 0):
00 — 1L ,0)/081] < Cala O)R|00/05],. (2214

where d(v — 11, 4, v) /00 denotes the directional derivative of v —II{ , v in the direction
B = (cos,sinf), that is, V(v — I}, 4 ,v) - (cos (3, sin 3).

The above two estimates (2.2.13) and (2.2.14) are in a sense sharper than (2.2.11) as
noted in [12].

Remark 2.2.1. We can also consider anisotropic error estimates such as

9 1/2
1 2
v =g n0l1 1,0, < B (Z Cz‘j||az‘jU||Ta,9,h> , (2.2.15)

ij=1
where the constants ¢;;’s (1 < i,j < 2) can be different from each other to give better
error estimates. Notice that we are here considering the special cases where ¢;; = Cy(a, )
for all v and j. Such kind of error estimates can be used to control anisotropic elements

in adaptive FEM [20, 18]. However, we will not include such topics here.

Remark 2.2.2. The constants Cy(1,7/2,1) = Cy(1,7/2,1) are first introduced by I. Babuska
and A.K.Aziz [6] to give an upper bound for Cy(1,7/2,1), thatis Cy(1,7/2,1) < Cy(1,7/2,1) =
Cy(1,7/2,1). In the following sections, we will also show that Cy(a) < max{Ci(a), Cao(a)}

for a > 0. Thus the estimates for Ci(a) and Cy(a) can be used to give upper bound for
Cy(a). Relations between Cy(a, 0) and Ci(«, 0) (i=1,2,3) will be discussed in Section 2.4.2.

One of the merits of considering C;(c,0) (i =1,2,3) is that the estimates for these con-

stants are much easier than the one for Cy(a,6).

Thus we can give quantitative interpolation estimates, provided that we succeed in
evaluating or bounding the constant C;(«, 6)’s explicitly. So we will try to bound these

constants by fairly simple functions of o and 6. Notice here that each of such constants
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can be characterized by minimization of a kind of Rayleigh quotient. Then it is equiv-
alent to finding the minimum eigenvalue of a certain eigenvalue problem expressed by a
weak formulation, which is further expressed by a partial differential equation with some
auxiliary conditions.

More specifically, we can characterize the constants C;(c,#)’s by minimization of

Rayleigh’s quotients RS?G’SZ

; ; [v[7 7
C72%(a,0) = inf RY(v): RV ()= —222 (i=0,1,2,3), 2.2.16)
( ) vGVé’e\{O} ,0 ) ,0 ) HUHQTM (
2
Ci%(a,0)= inf R (v); Rg*z,(v):“";ﬂ, (2.2.17)
vevi\fop ! it s,
C:%(e,0) = inf RP)(v); RO )= V1. (2.2.18)
PO ey el lvllz,,” -

where all the notations and functions are for T,, 9. Here we also introduce several quantities
Ai(a, 0)’s by
i, 0) = C7 % (a,0) (0<i<5h), (2.2.19)

which will often appear in the forms of eigenvalue problems (see below).

By the standard compactness arguments, each infimum above is actually a minimum
and is the smallest eigenvalue of a certain eigenvalue problem. For example, the eigenvalue
problem associated with Cy(a,6) is to find A € R and u € V), \ {0} that satisfy

(Vu, Vo), , = Mu,v)r, ., Yo € VY. (2.2.20)

Here (-, )1, , denotes the inner products of both Ly (T4 9) and La(T4,6)*. The present eigen-
value problem is also expressed by a partial differential equation with a linear constraint

for V), and a boundary condition [36, 39).

0
—Au=AuinT,y, / u(z)dz =0, T —0on My, (2.2.21)
Too on

where % denotes the outward normal derivative to the boundary 07,4. The above
boundary condition is the homogeneous Neumann one, and the desired value Cy(c, )2
is just the second eigenvalue for the same PDE problem without the linear constraint.
For Ci(a,0), it is characterized in essentially the same fashion as (2.2.20), if the
associated space V0, is replaced with V},: find A € R and u € V), \ {0} that satisfy

(Vu, Vo)r, , = Mu,v)g,,, Yo eV, (2.2.22)

13



On the other hand, the equations corresponding to (2.2.21) become [36, 39]:

1
—Au = uin Ty, / (z1,0)dz; =0, du _ { 0 on edges OB and AB,
0

on | ¢ onedge OA, (22.23)

where ¢ denotes an unknown constant to be decided simultaneously with « and A.
The other constants are characterized similarly. For example, the eigenvalue problem
associated to Cy(a,0) is to find X € R and u € V4 \ {0} that satisfy

2
> (O, 0jv)r, . = AV, Vo), ., Yo € Vi, (2.2.24)
ij=1

But the partial differential equation related to the above and also that to Cs(«, ) are

the ones of fourth order with special linear constraints and boundary conditions, and are

more difficult to deal with than the second order equations such as in (2.2.21) and (2.2.23),

cf.[4, 44]. Since T, ¢ is a triangle, it is difficult to solve such eigenvalue problems explicitly

even in the case of second order equations, except in some rare cases to be shown later.

2.3 Dependence of constants on geometric parame-
ters

The classical method to estimate the interpolation error is to consider the interpolation
on a reference element, e.g., the isosceles right triangle, and then introduce appropriate
affine coordinate transformations between the given elements and the reference one (cf.
Chapter 3 of [15]), where only the convergence orders have been usually assured with
many unknown constants. Here we will follow essentially the same technique as above to
consider the dependence of the constants on geometric parameters, and then give concrete

estimates for C;(a, 8)’s by using the ones on the reference triangular element.

2.3.1 Relation between C;(a)’s (i = 1,2) and Cy(a)

In this section, we simply extend the result of [6] to show the role of C;(«) (i = 1,2,3) in
estimating Cy(«).

Lemma 2.3.1. For a > 0, it holds that

Cy(a) < max{C(«),Co()} . (2.3.1)

14



Proof. From the definition,

e BB 100/ 00/0n;
vevA\{0} |v]3 veVA\{0} ||Ov/Dz1|]? + ||0v/Oxs||?

We can see that dv/dz; € V! (i =1,2) for v € V2, so that

|0v/0z; |11, > Ci(a) M Ov/0zi||z, (i=1,2).

Then,
Co@)? > in 01(04)‘2!\30/3331!\2 + 02(04)‘2\130/0332\!2
veVA\ {0} |0v/0x1||? + ||Ov/Ozs||
> min{C’l(a)_Q, C’g(oz)_Q} )
Now we obtain the desired result. O

As shown in the above proof, neglecting the curl-free condition for v € V.1, that is,
01(Dov) — 0»(01v) = 0 required for v € V.1, leads to an upper bound for Cy(a). As we
will see in the later computational results in Figure 2.3, the constants C(«) and Co(«)
give reasonable upper bound for Cy(«). Moreover, the orders of derivative in the PDEs
corresponding to C(a) and Cy(«r) are lower than that for Cy(a), which fact makes C(«)
and Cy(«) easier to deal with. Therefore, we will pay more efforts on these two constants
instead of the primary one Cy(«) [36, 39)].

The method used in Lemma 2.3.1 can also be extended to general cases to give estimate
for Cy(a, 0) by utilizing C;(«,0) (i = 1,2,3), cf. Section 2.4.2.

2.3.2 Dependence of constants on «

Monotonicity of constants C;(«) in «

In the case of &« = /2, we can easily prove the monotonicity of C;(«), (0 < i < 5;i # 4)
, as will be shown below. However, it appears to be difficult to show the monotonicity of
Cy(a), although our numerical results suggest that it holds even in this case. In general
case where ¢ # 7, it would be much more difficult or even impossible to show the mono-

tonicity of C;(«, #) even when one of o and 0 is fixed.
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Before going into further discussion, let us introduce new Rayleigh quotients }?g)’s for
we HY(T) or u e H*(T), where T =T} z/2.1:

~ . 0 2 -2 ) 2

REZ)(u)zH 1uHT+a2 1%z for i =0,1,2,3, (2.3.2)
[Jwf|7

~ 0 2 202 o 2 —4 ) 2

Ry Ouedr + 20 Orauliy + o 0l fori=4,  (23.3)
[01ullF + a2[|Oaul|7
2 -2 —4 2

70 ) =10l 207 1] + o7 | Oy fori=5.  (2.34)

[l
Lemma 2.3.2. For a > 0, Ci(a)’s (i = 0,1,2,3,5;1 # 4) are strictly monotonically

increasing with respect to .

Proof. We only show the proof for C;(«a), while the other ones can be done in analogous
ways. Let us consider the transformation between © = (r1,25) € T, and § = (£1,&) € T
by & = x1,& = 23/« and let (&, &) = u(xy, x2) for the corresponding & and z. Using
the Rayleigh quotient in equation (2.3.2), we have ZA%S)(&) = Rgl)(u). Also, notice that
]%8)(’&) is strictly monotonically decreasing in « for fixed @ if O, 0 # 0.

As R&l)(u) = Z%&l)(ﬁ) and from the definition of A\;(a) in (2.2.19), we can see that

Me)= it RO(), (2.3.5)

where 7inf” is actually "min”. For each «, let al € V! be the minimizing function
corresponding to A;(a). We can see that 85212(()1) # 0 although we omit the details (cf.

Sec.2.5). Hence, for given 0 < oy < ap, we have
/\l(al) - Ral (aoq) > ‘ROQ (/&al) > ﬁio@ (?lOQ) = )‘1(052) ) (236>

where the second inequality follows from the definition of minimizing function u,,. Now,
we have proved that C(a) = A\, (a)~'/? is strictly monotonically increasing as « increases,

and the proof is completed. O

Remark 2.3.1. Summarizing the results in Lemma 2.3.1 and 2.3.2, we have
Cy(a) < max{Ci(a),Cy(a)} < Cy =Cy fora <1,

which fact makes it possible to give an upper bound for Cy(«), provided that the values of

Ci(a) and Cy(a), or even the single value of Cy = Cy, are available.

16



Continuity of constants in «

For all a € (0, 00), we will show that C;(«)’s (0 < ¢ < 5) are continuous with respect

to a. The proof for each constant adopts essentially the same technique.
Lemma 2.3.3. For a >0, C;(a)’s (0 <1i <5) are continuous with respect to c.

Proof. We describe the proof only for Cy(«), while it is easier to prove in other cases since
the associated C;(«)’s are monotone. Let us recall the Rayleigh quotient in equation(2.3.3),
and the constant A4(«) introduced by (2.2.19):

1 .
= = inf RW(). 2.3.7
Ci(a)?  wevit(op @ ®) (2:87)

)\4(0&) .

Within the present proof, we will denote the denominator of RS’ (v) by be(v) and the
numerator by a,(v), that is, R (v) = an(v)/ba(v). Let v, € V4\ {0} be one of the
minimization function corresponding to A4(«), for which we assume that b, (v,) = 1.

For a fixed a > 0, let [, := [a@ — €, + €] C (0,00) for sufficiently small ¢ > 0. As
we can see that A\y(«) is uniformly bounded for 8 € I,, both A; := limsup,_, A4(3) and
Ay = liminfs ., As(5) exist.

To show the continuity of A\4(3) at 3 = a, we need to prove that

M(a) = liminfz oAy (B) = limsupg ., Aa(53) . (2.3.8)
In fact, as A\, < A4, it is sufficient to show
(limsupg_,Aa(6) =) A < Ag(a) < Ay (= liminfgaAg(8)) - (2.3.9)

From the definitions of lim inf and lim sup, there exist a sequence {3;}22, such that 3, — «
and \(3;) — A,, and also another one {3}, such that §; — a and Ay (0;) — A, as
17— 0Q.

Firstly, we will show that

A< @) (2.3.10)

which is true by noticing the relation \y(5;) < Rgf) (va), and the fact that Rj (va) —
Ro(va) and A\y(B;) — Ay as i — oo.
Secondly, we will show
Aa(ar) < Ay, (2.3.11)

for which we give the proof as below.
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1)

lvg|| () are uniformly bounded for all 3 € I:

Firstly, there exist positive constants k;([,) (i = 1,2,3,4), such that
k(L) r < aa(v) < ka(la)|vlor

k3(]a)|v|iT < ba(v) < k4(]a)‘v|%,T .

Considering the boundedness of {\4(5)} on I, and the assumption b,(vg) = 1, we
find that {ag(vs)} and {bg(vs)} are uniformly bounded on I,, so that

{|vg|r} are uniformly bounded. Secondly, noting that ||ul|r < Cs|u|ar for u € V*
(c.f. 2.2.7), we have that {||vs|r} is uniformly bounded. Therefore, {||vg|l2r} is
uniformly bounded for all vg with 3 € I,,.

Since {vg, } are uniformly bounded in H?(T'), we can apply the compactness theorem
in the Sobolev space (Rellich’s theorem) to show that there exist vo(# 0) € H?(T)
and a sub-sequence of {vg,}, still using the same notation, such that vg, — vy in
2'0 .
H*(T) and vg, — v in Hl(T) as i — oo. Moreover, we have ikaﬂ;j — agig‘;j
(1 <k,j<2)in Ly(T) and B_Z — % (j = 1,2) in Ly(T). Here, ”—” and "—"
Tj

respectively denote the strong and Weak convergence in normed spaces.

lim; o0 ag, (vg,) > an(vg,) and lim,; . bg, (vg,) = ba(v) = 1:

The latter equality is easier to show. For the former inequality, we use the weakly
lower semi-continuity of Hilbertian norms: for {w;}°; such that w; — wq in Ly(T),

we have ||wol|z,¢r) < liminf; .o ||w;||7. Then

(92% vgl Uﬂz
i an ) = fim {12 + gl )
2 0*v
> liminf +hm m bi
- i—00 H 8x1 Ox 3x ’T
.. 820@' 2
—i—hmmfﬂZAH 923 T
> 1220 4 220 ey L2,
= 073 7T + 2" 9x,07, TT 4 @x% T
= aa(?}o).

Thus we have Ag(a) = RS (va) < RS (vg) < limy_o R(ﬁf) (vg,) = Ay



Now, both (2.3.10) and (2.3.11) are proved, so that (2.3.8) holds. Therefore the

continuity of Cy(«) is assured. O

Remark: Here we only consider the continuity of constants on parameter a in the case
where 6§ = 7/2. Actually, by extending the technique used here, we can prove that all

these constants are continuous in two parameters o and 6 for o € (0, 1] and 6 € [Z, 7).

We summarize the results above as follows.

Theorem 2.3.1. In the case of h =1 and 0 = /2, Ci(a)’s (0 < i < 5) are continuous
and positive-valued functions of a € (0, +00) (o > 1 is also considered here). Except for

1 =4, they are strictly monotonically increasing with respect to . In particular,
Cila) < Cy, Vae(0,1] (0<i<bji#4). (2.3.12)
Furthermore, Cy(cv) has the property
Cy(a) < max{Ci(a),Co(a)} < Cy = Cy for a € (0,1]. (2.3.13)

Here we see that each Cj(a) (0 < i < 5;i # 4) is bounded from above by C;, and
Cy(@) is so by Cy = Cy. Fortunately, since the value of Cy(= 1/7) and C; = Cy will be
available (to be shown in the next chapter), we can give rough but correct upper bounds
for Ci(a)'s (1 =0,1,2,3).

In Figure 2.3, we show the numerical results for C(«a), Co(a) and Cy(«) to check
the validity of the present theorem. As may be seen from the figure, Cy(«a) is actually
bounded from above by max{C(«a), Ca(a)} for every a < 1. Moreover their monotonicity
is seen to hold, although such a property is not yet proved for Cy(a). It is also interesting

that C4 is numerically close to C; = Cs at a = 1.

2.3.3 Dependence of constants on 6

Since various properties of error constants in the case of &« = 7/2 become clearer now,
we now try to estimate C;(«, #) by C;(«) for each fixed .. There are also some other ways
to estimate C;(a, 0)’s by considering the coordinate transformation between, for example,

To, and T /5, which will be studied in the next section.
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Figure 2.3: Numerical results for Ci(a), Ca(ar) and Cy(«)

For fixed value of parameter a, we can estimate C;(«, 0) by C;(a) as follows.
Theorem 2.3.2. For each a € (0,1] and 0 € [1/3,7), the following relations hold:
Vi(0)Ci(a) < Ci(a,0) < ¢i(0)Ci(a) (0<i<5). (2.3.14)

Here,

$i(0) = /T + | cosf] (i = 0,1,2,3), ¢u(6) = \}% ¢5(0) = 1+ | cos] ; (2.3.15)

0i(8) = /T cos] (i = 0,1,2,3), 1a(6) \}% Vs(6) = 1 — | cost] . (2.3.16)

Proof. Given the triangle T, o, we define the affine transformation between = = (1, z2) €
Top and € = (&1,&2) € T, by (cf. Figure 2.4):

T2

§1 = a1 —cotfxg, &= (2.3.17)

sinf
Further, define new function u(&y,&s) := u(xy, x2) over T,. The transformation above

in the matrix form is given by

q\ o . L (1 —coth
(52 =7 . WlthT—(tz,J)i,j:m 0 1/sinf )
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B'(0,a)

B(acos@,asinG)/’//

To6 and Tox/2

I A(1,0)

Figure 2.4: Transformation between T, ¢ and T, /2

To investigate the relation between the derivatives of the two functions (&1, &) and
u(zy,x9), we are required to consider the eigenvalue problem of the matrices related to

the transformation (2.3.17). Firstly we give the Jacobian of this transformation,

’ 8(3:17 .CEQ)
8(51762)

The derivatives of v and 4 are related with each other as

( Ugy ) _ ot ( 'L:L§1 ) 7 ( Uiz, Uzyizo ) _ Tt ( 7}6151 7}6152 )T, (2.3.19)
Ugy Ugy Ugyzy  Uzgzs Ugyer  Ugsgs

where we use the notations such as u,, to denote the partial derivative du/0dx; and denote

=sinf. (2.3.18)

by T" the transpose of the matrix 7.
Noticing that semi-norm |u|z, , can be presented by |ul3 . , = [3°8||1,, where § is a

vector function defined by 8 = (Ugyz;, Uay.e9; V2Us,zy ). We consider the following equations

Uz 2y t%l t%l \/§ lita ﬁél& a&&
Ugpzy | = t1 tho V2 oty Uge, | :=L'| g
V2 Uz, V2t V2 tarts tite + tiota V2 Ug, ¢ V2 Ug ¢
Hence,

{ Amm(TTt)(@g1 + ag) < (ui, +ui) < AmM(TTt)(ag1 + aé) ,
Amin(LL) 31y 5o ﬁgifj < Yiciger Uoay < Amax(LLY) 301 <o ﬁi& ’

where \,.;, and \,,q; denote respectively the minimum and maximum eigenvalues for the

1 1 —cos 6
t __
T _sinZQ(—COSQ 1 ) ’

1 1 cos?f  —/2cos? 6
LL' = e cos?f 1 —v/2cosf
St —V2c0s20 —/2cosh 1+ cos?b

corresponding matrices:
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As we can find that the eigenvalues of TT" are (14 |cos#|)/sin*@ , and those of LT L are
(1 —cos?6)~! and (1 & | cosf])~2, we have

(1 —|cosO])(ag +ag,)/sin*0 < (uZ +ul,) < (1+]|cosb|)(af + ag,)/sin* 0,
Zlgi,jSZ(afifj)2/(1 + | COSQDQ < Z1§i,jg2(uxixj)2 < Zlgi,ng(ﬁfifj)Q/(l — | COSHW .
Adopting the Jacobian in (2.3.18) and the inequalities above, we have

(1 —[cosf])/sin6 Aty i,  (14]cosd])/sind ‘ [al? 1,
sinf/(1 — | cos6])? W%,Ta - ’u’%,Tao ~ sinf/(1+ | cosf|)? W%Ta ’

which finally leads to

1 —|cosf)| Cala) < (e 0) < 1+ | cosd|

V' 1+ |cosd ! /1 —]cosb)|

Similarly, we can obtain the estimates for the other constants.

04((1) .

Remark 2.3.2. The results for the dependence of constants on 60 are consistent with the
well known maximum interior angle condition. That s, given a triangular element with
bounded diameter, the smallest interior angle can tend to 0 while the T} 5, interpolation
error in H' norm is bounded if the mazimum interior angle is bounded above from .
Babuska and Aziz proposed this condition in [6] by considering the transformation between

Top and Thgingrj2 (See Figure 2.5 ).

B(acos 0, asinf) B'(0,asin )
Ta,G and Tasin 0,m/2
0
I A(1,0
O (1,0)

Figure 2.5: Transformation between T, g and T, in,x/2
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Remark 2.3.3. If the values of Cy,C7 = Cy and Cs are available, we can then give

quantitative error estimates for the interpolation operators 117, 5, and 17 4, -

M pn: lv=T0,0l1.,, <Cobo@)h|vhr,,,; Yvoe&H (Taon),
Moon: =Tl ., <Cioa@)h|vlar,,,; YoeH*(Toon), (2.3.20)
||U - Hé,e,hU”Ta,Q,h < O5¢5(‘9)h2 ‘U|2,Ta,8,h; VUEHZ(TQ,GJI)'

In the following sections, we will determine the concrete values of Cy and C), = Cy,

while for C5, we had a known rough upper bound as C5 < 0.361 [21].

2.3.4 Natterer’s estimate for Cy(a, )

To consider the dependence of the constants on geometric parameters, an intuitive
idea is to consider the affine transformation between T, ¢ and T} /2. Such a method was
in fact applied to give estimate for Cy(«, ) by F. Natterer [40]. Here we will apply this
method to all the constants mentioned above, where the result of Natterer, expressed in

our notations, is also included as a special case.

B'(0,1)
B(acos(iasinG)///
To,0 and Ty 72
0
A 40,0
0 (1,0)

Figure 2.6: Transformation between T, 9 and T} /o

To this end, let us introduce the following simple affine transformation £ = @, 4(z)
between x = (21, 2) € T g and n = {&1, &} € T =T x/2 (See Fig 2.6):

§1 = 21 — z2cotl 1 =& + & acosl
{ & = x5 /(asin 0) ' Ty = & asind (2.3.21)

In an analogous way as in the proof of Theorem 2.3.2, we can deduce the estimates as

follows. For detailed proof, refer to Theorem 1 of [34].
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Theorem 2.3.3. For o € (0,400) and § € (0,7), Ci(«a,0)’s are bounded as

where C; = C3(1,5) (0 < <5),

b, 6) = ”‘(‘;’9)(09ssmm,mz%,%mw— @09 (232
vy(a,

br(c,0) = #(OsiéB)@Aaﬁ)z%ﬁs(aﬁ):MS’ ) (2324

with

vo=1+a>=V1+202c0os20 +a* vy =1+a*+V1+2a2c0s20 +a*.  (2.3.25)

It should be noticed that the upper bound for Cy(«, 8) above is just the same one as

Natterer’s result [40], although the notation here is different from his.

Remark 2.3.4. We can see that, except fori = 4, the upper bounds given for the constants
are uniformly bounded as may be seen in Theorem 2.3.3. On the other hand, the upper
bound for Cy(a,0) is not so, which will lead to the minimum angle condition [15]: the
minimum angle of T, ¢ is bounded above from below by a certain positive constant. This
may be seen by using the identity v_(a, 0)vy(a,0) = 4a?sin® 6 and rewriting the upper

bound inequality as

Cala, ) < — (”+(O"9))g. (2.3.26)

asinf 2

Namely, we can see, for each fixed 6 € (0, ), the right hand side diverges to +oo as
a — 40 or the minimum angle of the triangle tends to +0, which does not reflect the
essential maximum angle condition. Hence, the above estimate for Cy(a, 0) is weaker than
the one in (3.2.15).

2.4 Estimation of the error constants

2.4.1 Exact value determination of particular constants

Up to now, we have analyzed the dependence of the constants on the geometric pa-

rameters. Here we will further consider determination of the exact values of the constants,
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which provides usually very difficult problems to solve. However, for several constants, we

can use the symmetry method to give the concrete values of the constants in the case 17 ;.

Firstly, we summarize the results to be proved in this section.

Theorem 2.4.1. As for the constants C; = C;(1,7/2)’s (0 < i < 3), we have that

1) Cy=1/7.

2) Cy and Cy satisfy Cy = Cy and are given as the mazimum positive solution of the
transcendental equation for p:

1 1
— +tan—=0. (2.4.1)
p p

The concrete value of Cy can be obtained numerically with verification. For example, we

have the estimation as

0.49282 < C} < 0.49293 . (2.4.2)

3) Cy = C1/v/2 and 0.34847 < C5 < 0.34856 .

Remark 2.4.1. Simple numerical algorithm without verification, such as the Newton
method, gives C7 = 0.49291245 - -- and C3 = 0.34854173 - - -. The present transcendental
equation can be commonly seen in vibration analysis of strings with special boundary con-
ditions [43]. The constant Cy plays an important role in various situations and is called

the Babuska-Aziz constant in [27, 28].

Remark 2.4.2. At present, Ci(= Cs) is a nice upper bound of Cy as we will see in
Sections 2.4.2. Numerically Cy =~ 0.489 as was reported in [4, 45, 47]. As for Cs,
estimate Cs < 0.361 is a correct but probably rough one given in [21], while an exact
lower bound estimation is Cs > [(15 + 1/193)/1440]"/? = 0.1416 - - -, which is derived by
the Ritz-Galerkin method using xy + x5 — x3 — x3 and x179 as the basis of the trial space

employed in [36]. Our own numerical computations suggest that Cs ~ 0.168.

In the following, we will first demonstrate the method of symmetry by determining
the value of Cy, which is actually already known, cf.[37]. Then, we show the proof for

other constants.

Determination of ()
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As explained in the preview section, Ay = C,? is the minimum eigenvalue of the

following eigenvalue problem: Find A > 0 and u € V°\ {0} such that
(Vu, Vo) = AMu,v), Yve V. (2.4.3)

Within the following proof, instead of the notation (z1,x2), we will denote a point in
2-dimensional domains by (z,y). Let us modify the problem above to be the one over
extended domain Q = (0, 1)?, a unit square. For each u in V°, we can define an extended

function u over ) by reflection along x 4+ y = 1, that is,

(0,0) (i,o)

where T is the original triangle domain already defined. We should be aware that @ also
belongs to H'(2).
Define also a space V0 by

V0= {0 H'(Q) /Q i(x, y)dady = 0}, (2.4.5)
then VO can be expressed as a direct sum:
PO =10V,
where

VO = the set of functions in V° that are symmetric with respect to z +y =1,
VY = the set of functions in V' that are antisymmetric with respect to z +y = 1.

Moreover, V0 and V0 are orthogonal to each other in both Ly(Q) and H'(Q). As a result,
V, and V, are orthogonal with respect to the bi-linear forms (V-,V:)q. We can see the
extension of eigenfunction of eigenvalue problem in (2.4.3) is also the one of the eigenvalue
problem: Find A > 0 and @ € VO \ {0} such that

(Vi, Vi) = Aa,0), Voe VP (2.4.6)

On the other hand, the restriction of a symmetric eigenfunction @ is also the one of

(2.4.3). Therefore, it is sufficient to consider only the eigenvalue problem of (2.4.6).
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As is well known, a complete system of functions for H!() is given by the totality of
eigenfunctions of (2.4.6) with V° replaced with the whole H'(€2):

Omn(x,y) = cosmmrcosnry (m,n > 0).

Since we are interested in symmetric eigenfunctions only, we should make a complete

system of symmetric functions in H*(2) from the above: for m > n;m,n =0,1,2,3,---,
Omn(x,y) = cosmmx cos nwy + cosmm(l —y) cosnm(l —x) .

The functions above are orthogonal in Ly(€2), and also orthogonal with respect to the
bi-linear form (V-,V-)q (and in H'(Q)). A fact to be pointed out is that, except for
wo0 = 2, all ¢,,,'s for m > n belong to VSO and are eigenfunctions of (2.4.6). Thus the

desired eigenvalue g is 72, which is just the one associated to ;9. Hence, we obtain

Co=1/vX =1/
Determination of C; = (s

Recall the corresponding eigenvalue problem for A\; = C;? in the variational form:
findu € V1\ {0} and A > 0 such that

(Vu, Vo)r = Mu,v)r Yo e V!, (2.4.7)

By adopting similar techniques used for Cy, we prove the second part of Theorem 2.4.1

in 5 steps:

Proof. 1) In an analogous way, we consider the extended domain Q = (0, 1)? and introduce

a new space V' on Q = (0,1)2 by

THQ) = {ve Hl(Q)|/O o, 0)dz = /0 o(1, y)dy = 0} (2.4.8)

In the same way as in (2.4.5), we decompose V' into V! = V! @ V!, where V' is the
subspace of symmetric functions and \A/al the one of antisymmetric functions. As before,

V! and V! are orthogonal to each other with respect to the inner products of both L ()
and H'(Q).

27



Let {\,u} € Rx V!\ {0} be one of eigenpairs of (2.4.7), and define the symmetric
extension u over (2 by reflection with respect to x +y = 1, c.f. (2.4.4). Then {\, 4} is an
eigenpair of the eigenvalue problem over Q: Find A > 0 and @ € V() \ {0} such that

(Va, Vo) = M@, 0), VoeV(Q). (2.4.9)

Conversely, suppose @ is one of symmetric eigenfunctions for problem (2.4.9), then the
restriction of 4 to T is the also the one for (2.4.7). Consequently, for the present purposes,
it suffices to deal with the eigenvalue problem in V'(Q): Find A > 0 and @ € V,}(Q)\ {0}
such that

(Va, Vo) = Aa,0), Vie VH Q). (2.4.10)

2) We use the complete system of functions {¢y,,} (m >mn;m,n=0,1,2,...) defined by
Umn(T,y) = cosmmz cosnwy + (—1)""" cos nmz cosmmy,m >n > 0.

A function ¥ € V}(Q) expressed by

e}

U= Z am,n¢m,n (am,n € R)

m>n>0

must satisfy

1 1
/ 0(z,0)dx = / Z AP (2,0)dr = 0 and /(|27|2 + | Do)?)dzdy < oo .
0 0 Q

m,n>0

Hence,

(e e} [e.e]

2a0,0 + Z(—l)mam,o =0 and Z (14+m*+n?)az,, < oo.

m=1 m>n>0
We can show the sum of the series Y (—1)"an is absolutely convergent under the
condition imposed above on the coefficients. Eliminating ag o by the above equation, every
v E 1781 is expressed by 0 =Y | @po[mo — (—1)"] + Zﬁzng Ay Wmn - Clearly, ¥, s
for m > n > 1 are eigenfunctions of (2.4.9) with completely homogeneous Neumann’s

boundary condition, and the minimum of the associated eigenvalues is 272

3) Let W, be the closure of linear combinations of ¢, o—(—1)™(m > 1) and W the closure
of linear combinations of ¥, ,(m > n > 1). We have f/sl = W, ® W,. Here, Wy and Wy
are orthogonal to each other in both Ly(Q2) and H'(2). Since all the eigenfunctions and
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associated eigenvalues of Wy are known and the smallest one to be 272, we just need to
consider the eigenvalues in W;: if its minimum is smaller than 272, it is just the one we

need.

4) Let us now solve the eigenvalue problem restricted to W; by expressing @ € W1 \ {0}
by
(e} [e.e]
L = Z Ay P, With Z az, < 0o, where ¢, = 0 — (—=1)™. (2.4.11)
m=1 m=1
Noting that @ has the form @ = > °_ a,, (cosmmz + (—=1)™ cosmn(y) + (—1)™), it must

be of the form, for an unknown single variable function g = g(t),

u(r,y) = g(z) +g9(1 —y).

Substituting the expression above into (2.4.9), we have

—g"(t) = M()(0 < t < 1), ¢'(0) =0, g(1) + / g(t)dt = 0.

Solving the eigenvalue problem above, we have that the eigenfunction associated with the

smallest eigenvalue is g(t) = cos(v/Ait), where \; is the first positive root of
VA+tan VA =0.

Clearly, A\; lies in the interval (72/4,7%) and is the unique solution there. Since \; <
272, it is exactly the desired eigenvalue of eigenvalue problem in (2.4.10). Moreover, an

eigenfunction associated to A\; is 4(z,y) = cos vV Az + cos VAo (1 — y) .

5) To obtain the concrete value of /A1, we are just required to find the first positive root

of
—1)™(m + 1)¢*™
(2m + 1)!

f(t) ::cost+tlsint:2§:( (t>0).
m=0

Moreover, the series above is an alternating one, and for a fixed ¢ and sufficiently large
m, the absolute values of its terms converge monotonically to 0 as m — oo. Thus we can

use its truncated finite series to give both lower and upper bounds for f(t). Let us define
fn by

_22 m—i—l)tQm'

2m+1
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It is to be noted here that, as least in principle, all the computations can be performed in
the finite-digit binary arithmetic without rounding errors, provided t is a rational number.
For example, by taking n = 4,5, we can bound t, = v/\; as 2.0287 < t, < 2.0291, since
£(2.0291) < f4(2.2091) < 0 and f(2.2087) > f5(2.2087) > 0. 0

Remark: Here we show another way to derive the determination equation for C';. Substi-

tuting (2.4.11) into (2.4.9) and letting 04 be each 1),,, we have the equations for coefficients

)

A, ’S:

(m*n® = Nay, = M=1)"> (=1)"a, (m € N),

1
where we can show > 2 (=1)"a, # 0, A # m*7* and a,, # 0 (Ym € N). So

o0
n=

(—1)"am = (m’7> = X)7]AY (-1)"a, (m € N)

and . . .
> (=D "am =Y (mPr? = NN (—1)"a,
m=1 m=1 n=1

Hence

- A - 1
:Zm=2m2(w/m2_l.

m=1 m=1

Notice here the Fourier expansion of cosax on [—m,

. [e.e]
2
cosax = 2247 (1/2—1—2(—1)” 5 ¢ 2003nx> ,

™ a” —n

n=1
where a is a non-integer real number. Letting x = 7 above, we have
[o¢]

Z 1 _1_ wa
(m/a)2—1 2 2tanma’

m=1

Further, substituting @ = v/A/7 into equation above, we obtain (2.4.1).
Determination of (4

The method for determining C'3 determining is essentially the same as used for C and

C = (5. Here we show the outline of the proof in three steps.
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1) The eigenvalue problem associated to Cj is given by: Find {\,u} € R x V3\ {0}
such that
(Vu, Vo)r = Mu,v)r (Yo € V3) . (2.4.12)

Here, T is the unit right isosceles triangle T} ; /21, V? = Vf’ﬁ /o1 18 defined in (2.2.3), and
the inner products are those for 7. Notice that we are interested only in the minimum
eigenvalue and the associated eigenfunctions.

Let us divide T" into two congruent parts by the line xy = x5, which is also the line of

symmetry for T'. Moreover, one of the congruent parts is denoted by T
T={x={x, 2} Tz >}

The eigenfunction u # 0 can be uniquely decomposed into the symmetric part ug and the
antisymmetric one u,:

U = Ug + Ugq,

where the symmetry and antisymmetry are those with respect to x; = x9. Due to the
orthogonality of us and u, for the bi-linear forms (-, )y and (V-, V-)r, the functions u
and u, can be dealt with separately: us and u, both belong to V3 and satisfy (2.4.12) for
the minimum eigenvalue A.

2) We first consider the case where ug # 0. In this case, the restriction @ of us to T

is not zero and satisfies the following eigenvalue problem related to T
o e V3\{0}; (Va, Vo) p = @, 1) (Yo e V3, (2.4.13)

where A is identical to the former one, the inner products are the Ly ones for T, and V3
is defined by

V3 ={ve HY(T); /2 d(1—s,8)ds=0 }. (2.4.14)

Now we can see that this is essentially the same problem as the eigenvalue problem for
C1(1,7/2,1/+/2), since T is congruent to T} +2,1/y32- 1t s also fairly easy to see that the
eigenpair for the minimum eigenvalue of (2.4.13) satisfies (2.4.12), if the eigenfunction is
extended to whole T" symmetrically with respect to x; = 5. Thus @ is an eigenfunction for
the minimum eigenvalue of (2.4.12) in the present case. Then we find that Cs = C1/v/2,
since C1(a,0,1/v/2) = Ci(a,0)/v/2. Of course, this conclusion is derived under the

assumption ug # 0.
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3) Secondly, we consider the case where u, # 0. Due to the antisymmetry, the trace
of u, to the line of symmetry xy; = x5 inside T is just 0. Moreover, any antisymmetric
function in H'(T) automatically satisfies the line integration condition imposed on V3.
Thus the restriction u' of u, to T' is not zero and is an eigenfunction of the eigenvalue

problem:
ul € VI\{0}; (Vul, Vol = Al vl)p (Yol € V), (2.4.15)

where ) is identical to the former one, and VT is defined by

Vi={vl e HY(T");v'(s,8) =0 (0<s< %) }.

If we consider the reflection with respect to the line z; = 1/2, (2.4.15) becomes the
problem of the same form if we replace V1 by

Vi={v e H'(T); v"(1—s,5)=0(0 < s < %)} '

Clearly, the eigenvalues remain the same under such a transformation. Since V* C V3,
the minimum eigenvalue of (2.4.15) cannot be smaller than that of (2.4.13), as can be seen
by considering the characterization of the minimum eigenvalue by the Rayleigh quotient.

Thus it is sufficient to consider only the case where uy # 0, and the proof is complete.

2.4.2 Estimating Cy(a,0) by Ci(,0)’s (i = 1,2,3)

In section 2.3.1, we extend the method of Babuska-Aziz to deduce an upper bound for
Cy(a). Here we will further consider the problem of estimating Cy(a, 0) by using C;(«, 0)’s
(i=1,2,3).

Firstly, let us observe the characterization of Cy(a, ) again:

, lulir,, |O1ull, , + lI02ullF,,
Cyla,0)* = sup TE = XA ol :
weV2 N0} W21, o wevi, \{0} 1U|1,Ta’9 + | 2U|1,Ta’9

The key idea for estimating Cy(c, ) is to relax the curl-free condition d1ou = dyyu by
weaker ones, e.g. fei Vu - t;ds = 0 for i = 1,2,3, where t; denotes the unit vector along

the direction of the edges e; in clockwise, that is

(1 —cosf, —sin0)

ty = (—1,0), t9=1(cosbh,sinf), t3=
1= ) 2= ( ) ’ 2(1 — cos0)

Let us introduce two constants Cfyc12y(cv, 6, h) and Cya 103y (e, 6, h) by
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lull® + [lol*

C 4,123 (Oé, 9, h)2 = sup (2416)

e wv e HY (Twgn)\ {0y VUl + [[V0]?

(u,v)-t; € Vofﬁ,h(i =1,2,3)
and
]|* + JJv]®

Ciyery(a, 0, h)% = sup : (2.4.17)

e wv e HY (Twon)\ {0} VUl + [[Vo]?

(u,v) - t; € Voiﬁ,h (1=1,2)

Denote C;i(a, 0,1) by Ci(«, ) for i = {4,e12},{4,e123}. Then we find

04(04, 6‘) S 0{476123}(04, 9) S 0{47612}(04, 9) . (2418)

Firstly, we will utilize the second inequality in (2.4.18) to give an explicit upper bounds
for Cy(cv, 0) by using C(«, ) and Cy(a, ). One thing to be pointed out is that the values
of Cy(a,0) and Cy(cr,d) can be well evaluated with a posteriori estimates, as we will

discuss in Chapter 3.

Theorem 2.4.2. Given a triangle To g for a € (0,1] and 6 € (0,7), we can give an
upper bound for Cy(a, 8) in terms of Ci(a,0) and Cy(a, 0) as below: (We write Cy(a, 0),

Cy(a, 0) as c1,co for purpose of abbreviation.)

1/2

Cy(a, 0) < (cf + 5+ 2c1¢ cos? O + (¢ + 02)\/(01 — 02)2 + 4¢1c9 cos2 0

1
V/2sin 6
(2.4.19)

Proof. For any w € H*(T,4), let u := dyw and v := dyw and introduce a new quantity

0 :=wcosf +vsind € H'(T,). Clearly, u € V] ,. By noticing that

/(u,v)-tgds:/ ucosf +vsinfds =0,

e €2
we have [ =0, which means 0 € V2.
Considering the definitions of C(«, #) and Cy(«, @), such results are clear:

lull < Ci(a, O)[[Vull, o]} < Cola, )| VO (2.4.20)
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As v = (0 —wucosf)/sinf, we have

|v]|* = sin 20| — ucosd|?
= sin 20 (||0]|* + cos® 0]|ul|* — 2 cos B(d, u))
< sin™? 0 (||8]|* + cos® O|ul|* + 2| cos 0| o] [|ul]) -
So we obtain:
lull* + [lvll* < sin ™0 ([lull® + [|0]]* + 2| cos 0] [[o]] [[u]]) - (2.4.21)
Similarly, we have
[Vul]? + [[Vo|* > sin ™26 (||[Vul|® + [|[Vo|* — 2| cos 6] [|[ V]| | Vul]) (2.4.22)

Considering (2.4.18), we find

24 lvl?
Cy(0,0)” < Cipnny(@,0)” < 1“1 '
10 0)" = Claaz(@:0)” < TG0 T

Now, considering the inequalities (2.4.20) and those of (2.4.21) and (2.4.22), we have

sin™? 0 (JJul|® + [|6]]> + 2| cos 0][|]| ||ul])
sin™? 0 (|| Vul|? + [ Vo2 — 2| cos 0| V]| [[Vul])
G| Vul]? + || Vo* + 2¢1¢5] cos 0] | VO] [|[Vul|
[Vull> + [[Vo[]2 — 2] cos 0[[| V|| [[Vul|
et Ae
etBe’

04(06, 6>2 S

<

where e is the vector (||[Vul],||V9|)f, and A and B are the matrices defined by

2
B & ci¢o | cosb) B 1 —| cos |
A_<clcg\0058| 3 )’ B_<—|COS9| 1 '

The generalized eigenvalue problem Ax = ABx has the maximum eigenvalue as

1

)\max = = . 9.
2sin? 6

(c% + 5 +2cos?Oeyco + (e + 02)\/(01 — 02)2 + 4 cos? 90102) )

So, for arbitrary vector e # 0,

etAe <\
etBe — "

Thus, we obtain one upper bound for Cy(«, €), which is just the one in (2.4.19). O
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Remark 2.4.3. We can get the same estimation of Cy(c,0) as the one in (2.4.19) in

another way. From equation (2.4.21), we have

sin? O([[ull® + [lv]*) < AlIVull® + 2c1ca] cos O[[|Vull[| VO] + 3 o]

= || Vul® + 2c1e] cos 0] || Vul| || cos OV u + sin 0V ||
+c3]| cos OVu + sin OV |

IN

(¢34 2c1e5 cos? O + c5 cos? 0) || Vul|® + ¢ sin® 0] V|

+2(ciep + 3) sin 8 | cos O] || Vul||| Vo

where & = (|Vu, |Vo|))t, and A is defined by

i et + 2cicocos? 0 + cos? Oc  (ciea + ¢2)sin @ | cos b
o (creo + c2)sin @ | cos b c2sin?

which has the maximum eigenvalue \pyqp aS

~ 1
Aoz = 3 (cf + 5+ 2cos?feycy + (e + 02)\/(01 — 02)2 + 4 cos? 00102) )

Hence
[ull® + Jv]1* < sin™ 0 Apas ([|Vull® + |Vo?)

which finally leads to the estimate in (2.4.19).

Remark 2.4.4. In the proof above, the intermediate problem of Cy c12)(cv, ) gives an esti-
mate for Cy(a,0) as in (2.4.19). Another possibility is to apply the constant Cfy 123y (o, 6)
to deduce a new estimate, which is very interesting but not done yet.

An important thing to be pointed out is that, through the deduction of (2.4.19), there
may be over and under estimates in the inequalities (2.4.21) and (2.4.22). Therefore,
to have better estimates, we may evaluate the constants Cye12)(r,0) and Cyyerosy(a, 0)
directly. This is not difficult since the deriwvatives of functions associated to the constants
are only of second order. The piecewise linear finite element space can be used to construct
conforming subspaces of H'(Q2)? with the corresponding constraint conditions satisfied.

Also, it may be possible to give a posteriori error estimates for the finite element solutions,

35



s L
0.8
0.6 —
+ —— Cy(,27/3)
- Cy(a, 21/3)
0.4+ o 0{4,63123}(@7 27?/3)
+ 0{4,612}(047 2m/3)
| | | |
0 0.2 0.4 0.6 0.8
Figure 2.7: Upper bounds for Cy(«, 27/3)
0.5
0.45—
+ 4+t
04—
C
0.35 ) Cula)
o 0{4,8123} (a)
+ 0{4,612}(a)
0.3
| | | |
0 0.2 0.4 0.6 0.8 1

—_—

Figure 2.8: Upper bounds for Cy(a, 7/2)

36



which will be left for our future research. For the moment, we have only executed numerical
computations.

In Figure 2.7, we show the estimate of (2.4.19), which we denote as 6’4(@,9), and
the numerical evaluation of Cye0(v,0) in the case of 0 = 2m/3. We can see that
Cla,er23y (v, 2m/3) gives quite good upper bound for Cy(ov,2m/3). Although the gap between
Claer23y(a, 2m/3) and Cy(a, 270/3) is very small, we cannot expect it to be zero.

As a complement, we also show the computational results for = w/2 in Figure 2.8.
Again both Cyei2y and Cyy 123y give upper bound for Cy(). Now it is clear to see the
difference between Cy(1,7/2) and Cryei231(1,7/2), although here only the approzimate
values are available. Also, we can find that the numerical values of Cy(a) agrees with
Clerzy(). We can easily show that Cyei2y(o) = max{Ci(a),Cs()}, but are not yet
able to prove that max{C;(«a),Cs(a)} = Ca(a) or Cy(a) > Cy(a) for a < 1.

2.5 Asymptotic behaviour of error constants on slen-
der triangular domain

2.5.1 Preliminary and main results

We will now analyze the asymptotic behaviors of the constants C;(«)’s (0 < i < 5) as
a — 40 by adopting various techniques developed e.g. in [33]. In particular, the right
limit values C;(4-0)’s are given by zeros of certain transcendental equations (derived from
eigenvalue problems of ordinary differential equations, ODE’s) in terms of the hyper-
geometric functions [51]. For example, Cy(+0)~! is equal to the first positive zero of
the Bessel function Jy(z). Moreover, these right limits give lower bounds for respective
C;(a)’s, including the non-trivial case i = 4. Such results can be of use for understanding
and analyzing the so called ”anisotropic triangulations” discussed e.g. in [1, 8, 20].

We first introduce several function spaces, which play important role in the following

discussion.

H"(T) = {v € H¥T);0v/0zy =0} (k=1,2), (2.5.1)

V2 ={v e Viou/ 0z, =0} (0 <i<4), (2.5.2)
which are actually identified with the spaces of functions dependent only on the variable
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x1 as we will see later. Let us introduce bilinear forms ag)(-, )’s for i =1, 2:

ou Ov

() == == HYT 2

agz (u,v) : <8w17ax1)T ) VU,U S ( )7 ( 53)
0Pu 0?

a2 (u,v) = (a—;%)T . Ve HYT). (2:54)

Although these are defined over the whole H! and H? spaces for convenience, the partial
derivatives above can be actually replaced with the ordinary ones when they are considered
over the respective H%? and H??% spaces.

As a characterization of the above HZ(T), let us state a fundamental lemma to be
used for our analysis. Its proof is omitted here since it can be performed by slightly
modifying that for Theorem 3.1.4 of [23]. Of course, we can draw the same conclusions

for other spaces mentioned in (2.5.1) and (2.5.2).

Lemma 2.5.1. Any v € HY4(T) can be identified with a function v* of single variable
T

v(xy, ) = v*(x1) for a.e. x ={xy, 22} €T . (2.5.5)

Remark 2.5.1. The present lemma does not necessarily hold for general domains. In the
2-dimensional case where we are considering here, it holds for a domain Q C R? which
is “connected in xo direction” in the sense that for any two points x and x' in Q with a

common x1 component, the segment connecting these points is contained in Q.

We first quoted the main results below, while the proof is given in the following sub-

sections.
Theorem 2.5.1. For each i (0 <i <5), C;(+0) = lim,_., C;(a) exists and is positive.
Moreover, they are the lower limits of the respective constants, i.e., C;(4+0) = inf,~o C;()
for 0 <i < 5. They are characterized by Ci(+0) = 1/VAD for 0 < i <5, where A s are
the minimum eigenvalues of the following eigenvalue problems.
0<i<3: Find A=\ €R andu € V% \ {0} such that

a(Zl)(u,v) = Au,v)p; Vv € VA2, (2.5.6)
i=4: Find A\ = \% € R and u € V4% \ {0} such that

a3 (u,v) = Aay (u,v); Vo € V2, (2.5.7)
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i=5: Find \=\® € R andu € V4% \ {0} such that
a3 (u,v) = Mu, v)7; Vv € V7. (2.5.8)

These eigenvalue problems are also expressed by those for the following 2rd- or 4th-order

ordinary differential equations for u = u(s) over the interval [0, 1].

i=0:
—[(1 = 9)u(s)] = AO(1 = s)u(s) (0<s<1), /01(1 —s)u(s)ds =u'(0) =0, (2.5.9)
i=1:
(1= s)'(s)) = AD(1 = s)u(s) + C (0<s<1), /Olu(s)ds = d/(0)=0, (2.5.10)
i=2:
—[(1 = 8)u(s)] = AP(1 = s)u(s) (0<s<1), u0)=0, (2.5.11)
i =3: essentially the same as for i =1;
—[1 =)' ()] = A A = s)u(s)+C (0<s<1), /01 u(s)ds =u'(0) =0, (2.5.12)
i=4: actually reduces to the case i = 1;

(1= s)u"(s))" = =AD[(1 = s)u/(s)] (0<s<1), u0)=u(l)=u"(0)=0, (2.5.13)

[(1—8)u"(s)]" = AP = s)u(s) (0<s<1), u0)=u(l)=u"(0)=0. (2.5.14)
Here, C' is an unknown constant to be determined simultaneously with v and \'(i = 1, 3) .

Recall that the triangle 7" here is still referred as a unit isosceles right triangle. Let us
also recall the definition of Rayleigh quotients RY)’s defined in equations (2.3.2), (2.3.3),
(2.3.4), and introduce new quantities \;(«)’s by

Ai(a) == Ci(a)™? = . ivg\f{o} RD(v) (0<i<5). (2.5.15)
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Uniform boundedness of \;(«)’s: One of the common important properties for these
constants is that \;(«)’s are uniformly bounded for o € (0,00), because for a fixed w €
Voin{idl with w # 0 and dyw = 0,

Xi(a) < RO(w)=CW (0<i<5), (2.5.16)

where the right-hand sides are constants independent of « for a fixed w.

For i # 4, the proofs for the determination of \;(+0)’s are similar, so we will only
show the one for \g(40) as an example. For i = 4, the proof is more complex and will be
given separately.

Before giving the details of the proof, we show in Table 2.1 the numerical results for
Ci(+0)’s (0 <i < 5).

Table 2.1: Numerical values of C;(40)’s (0 <1i < 5)

i 0 1,3,4 2 5
C;(+0) | 0.26098 | 0.32454 | 0.41583 | 0.10790

2.5.2 Determination of X\;(+0)’s (0 <1i < 5;i # 4)

Here we only discuss Ao(+0). Let u, € V° be the minimizing function in (2.5.15)
corresponding to A\g(«r) and assume that ||u,| = 1.

Define g to be the infimum of the following infimum problem:

SV |yl

uevoz\(oy ||ull?

(2.5.17)

where V%7 is defined in (2.5.2).

Theorem 2.5.2. Let \g(«) be defined as above. Then the limit Ao(+0) := lim,_, 1o Ao()
exists and is given by Ao(+0) = .

Proof. 1) First, it is easy to see the existence of A\o(4+0) = lim,— 0 Ao(cw) by considering

two facts that A\g(«) is monotonically increasing as « decreases to +0, and that \o(«)
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is uniformly bounded for all & € (0, 1], as we have already shown. Actually we have
Xo(@) < A for Ag in (2.5.17).

Since |[ug|[r2¢r) = 1, we have Ao(a) = [|01ual|® + 25]|02ual?, so that [Oiu.|| and
o ?||Oauq| are uniformly bounded for o € (0,1]. Thus, |Jua| 21y is uniformly bounded.
From Rellich’s theorem, there exists a sequence {uq,}3°, with a; — +0 and uy € H'(T)

such that

{ Uy, — up in HY(T) , (25.18)

Uq; — ug in L*(T) ,
where '—’ ((and '—’ ) denotes the weak ( and respectively the strong ) convergence of

the sequence in the corresponding spaces. As {u,,, A(;)} satisfies ||Oatig,[|? < a?Xo(ai) <

= 0. Since ottn, — Oatg in Ly(T"), we have Grug = 0, so
= |Jup|| = 1, so that ugy # 0.

213 .
ai Ao, we have lim;_, o ||O2ta,

that uy € V%%, Moreover, we can see lim; o, ||ta,

2) As ug € Vo7 and |lug||=1, we have from the definition of Xy that
Ao < [[Oruol|? .
Also, considering the weak convergence of {u,,} in H'(T), we get

Jvuol® < liminf 9y,
71— 00

IN

%)

. 1
}L%(Haluaz ? + Q_Zg"a?uai

= lim Rf:g) (tay)
1— 00

= Ao(+0).
Hence,
Ao < Xo(+0) . (2.5.19)

On the other hand, since

A= inf RO@Ww)> inf RO®w)=\(a),

vev0Z\ {0}~ ~ vevo\{0}

and considering the convergence of {Ao(a;)}, we get

Ao > lim Ag(aw) = Ao(+0) . (2.5.20)

1—00
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From the inequalities (2.5.19) and (2.5.20), we can now conclude that

)\0(+0> — 5\0 .

2.5.3 Determination of \;(+0)

Recall that

M) = _inf RO).

where R (v) can be expressed by

: _ N0uv|lF + 20700017 + o7 H|0pv]|7 _ aa(v,v)

10v0]|7 + a2 0507 ba(v,0)

In the following proof, we will omit the subscript of A\sj(a) as A(«). Also, assume one of

the minimizing functions for A(«) to be denoted by u, and by (uq, us) = 1.

Theorem 2.5.3. The limit A\(+0) := lim,_ 1o A(«) exists. Moreover, A(4+0) is the small-
est eigenvalue of the eigenvalue problem for X\ > 0 and u € V4% \ {0}:

(Onu, Opw) = MO, Oyw), Yw € VA (2.5.21)
where V4 is defined in(2.5.2).

Proof. As we have shown, A(«) is continuous and uniformly bounded in o > 0. Thus
both liminf, ;o A(a) and limsup,_, .o A(«) exist, and what we must prove is:

liminf A(«) = limsup A(a) .

a—+0 a—+0

That is, we will show that {A(«)}a>0 has a unique accumulation point as a — +0.

From the definition of A(«) and w,, the eigenpair (u, A(«)) satisfies:
2 1
(On1ta, Onw)r + ?(312%“ Orw)r + @(322%“ Oyw)
1
= Aa) ((éhua, Oyw)r + ?(agua, 82w)T) for vw € V3. (2.5.22)
The proof is performed by the following several steps.
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1. As A(«) is uniformly bounded for all « € (0, 1], we can find a sequence {«;}°; and
A* such that a; — 40, AM(a;) — A* as i — oco. We will show that the value of \* is
independent of the choice of {«;}.

2. Since by (U, ue) = 1 and A(«) is uniformly bounded, both |uq,|27 and |ug, |17 are
uniformly bounded. Considering the inequality that ||u||z2¢r) < Cs|ulsr for u € V4,
cf.(2.2.9), we have ||uq||z,(r) are uniformly bounded. Hence, {u,} are uniformly
bounded in H?(T) for @ > 0. By the compact theorem in Hilbert space, we can find

a sub-sequence of {a;}%2,, still using the same notation, and uy € H?(T) such that

Ug; — ug weakly in H?(T) ,
Ug; — Ug strongly in HY(T) .

Considering the limit for by, (ta,, ta,)=1, we find uy € V* satisfies:

Osug = 0, 1.e., ug € |7

As there are two possible cases: ug = 0 and ug # 0, we will discuss each case as

follows.

3. (Case: ug # 0) In (2.5.22), let the test function w be chosen from V4Z(T) and a be
{a;}, then it holds that

(011uai, 011w)T = )\(ai)(aluai, @w)T ) Yv € V4’Z(T) .
Taking the limit for ¢« — oo, we have

((911U0, 311w)T = )\*(aﬂm, 81w)T ; Yw € V4’Z(T) . (2523)

Thus, {ug, \*} € {V4%\ {0}} x R is an eigenpair of eigenvalue problem defined by
(2.5.23). It is easy to see that \* is actually the smallest eigenvalue by using the

arguments similar to those in the preceding subsection.

4. (Case: uy =0)

Define v, = Oyus/c, then we can see that v, € V?(C HY(T)). As uy = 0 and
ba; (U, Ua,) = 1, we have [|v,, ]| — 1 as ¢ — oco. Further, considering the bounded-

ness of dq, (Ua,, Ua,) = Ay), we find {v,,} are also uniformly bounded in H*(T).
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In the same way as before, we find that there exists a sub-sequence of {v,,}, still

using the same notation, and vy € H'(T) such that

Vai — Vo in L*(T) . (2.5.24)

{ Vo — vo in HYT) ,

Since ||Oavy, ||* < aZaq,; (Ua,, Uq;) and the ala,,(Uq,, Us,) tends to 0 as i — oo, we
can deduce that dyug = 0. Further by Lemma (2.5.1), v can be identified with a

function v{ of single varible x;.

Multiply each side of (2.5.22) by «, and choose the test function w € V* such that

Opw = 0, then we get:

a(O11Ug, On1w)r + 2(019uq /v, Or2w) T
= ANa) (a(O1ug, Oyw)p + (Oaug/c, ow)r) . (2.5.25)

Substituting v,, = Oyu,,/q; in the equation above and letting i — oo, we find A*
and v satisty
2(811)8, 812w)T = /\*(’US, 32w)T . (2526)

For each v € C§°(0, 1), take w(xy, z2) := v(x1)zs. Then
2(811]8, aﬂ))T = /\*(US, U)T s (2527)

that is,

1 dvk d 1
2/ (1 —m) U (1) —Udﬂh = )\*/ (1 —z1)vy(xq)v(zy)dey, Vo e C5°(0,1).
0 0

dl’l dl’l
(2.5.28)
Finally, we can conclude that v together with A\* satisfies
—((1 = s)u/(s)) = 3u(s)(1 —s) for s € (0,1)
{ w(0) = 0. (2.5.29)

As \* > 0, the solution of the above is of the form, with arbitrary constants ¢; and

vy (s) = 1y (\/g(l - s)) + 2Yh (\/g(l - s)) : (2.5.30)
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where Jy(s) and Yp(s) are the O-th order Bessel functions of the frist and second
kinds, respectively. As is well known, Jy(s) is sufficiently smooth, while Yy(s) is
of the form Yy(s) = c3logs + r(s) for s > 0, where ¢35 # 0 is a constant and r(s)
a sufficiently smooth remainder term [51]. To make vj has the extension over T
belong to V%% c HY(T), the constant ¢, must be zero. Also to satisfy the boundary
condition, \/\*/2 needs to be the positive zero of Jy(s). In fact, Jy(s) has countably
many positive zeros without any accumulation points except +oo. Denoting the

smallest positive zero by vy > 0, we have
N> 297, (2.5.31)

We can show that vo > 2.25, so that \* > 10. Also, considering the function

(21, 1) = sin w1z, we have RS (@) = 72, hence

A = lim R (u,,) < lim RY(a) = 72 < 10. (2.5.32)
The two equations (2.5.31) and (2.5.32) lead to a contradiction. Hence the case that

ug = 0 does not occur.

Now, we can conclude that A\* is the minimum eigenvalue of (2.5.23) (or (2.5.21))

and is independent of the selected sequence {a;}.

2.6 Numerical results

We performed floating-point number computations to see the actual dependence of

various error constants on « and 6.

2.6.1 Computational methods

To obtain approximate values of error constants, we can utilize the FEM quite effec-

tively. In particular we used the most popular P; triangular finite element for numerical

computations of Cj(a,0)’s for 0 < ¢ < 3 by preparing appropriate triangulations of T .

For Cy(a,0) and C5(a, 6), it is natural to use various triangular finite elements for Kirch-

hoff plate bending problems, since the associated partial differential equations are of 4th

order as is noted in Section 2.2. In our actual computations, we used the discrete Kirchhoff
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triangular element presented in [26]. On the other hand, we can also use the Siganevich
approach for computation of Cy(«,#), which also adopts the P; element and a kind of
penalty method for a system of 2-nd order partial differential equations similar to the
incompressible Stoke system [47]. This method works well if the penalty parameter is
carefully chosen.

In every case, we have a matrix eigenvalue problem as the discretization of the original
eigenvalue problem described by a weak form. More specifically, it is a generalized matrix
eigenvalue problem with respect to unknown eigenvectors of nodal values of approximate
eigenfunctions, and it can be solved for example by the inverse iteration method and the
subspace iteration method [13]. A difficulty in deriving such matrix eigenvalue problems
come from linear constraint conditions imposed on the spaces Vig forv=10,1,2,3. Similar
constraint conditions are also necessary to deal with, if we compute Cy(a, 8) by the method
of Siganevich [47]. On the other hand, we do not have such a difficulty in computing
Cy(a, 0) and Cs(a, 0) by Kirchhoff elements, where the linear constraints v(O) = v(A) =
v(B) = 0 for V)4 can be handled as homogeneous "nodal” conditions.

One possible method for removing the constraints is to construct new function bases
that satisfy the constraint conditions, but then we have the final matrix that is not sparse.
Another method is to use the Lagrange multiplier method, which does not essentially
destroy the global sparseness of the matrices. We tested both approaches and obtained
reasonable results. Various iteration methods may be also available for the same purposes.

The numerical results below are obtained by the double or quadruple precision arith-
metic, and we do not employ the interval analysis. But their accuracy appears to be
reasonable at least in graphical level, since finer mesh computations give essentially the
same graphs. We hope that the effective verification methods will be established in near

future, so that the numerical results can be of strictly mathematical significance.

2.6.2 Numerical results for error constants

Here, we first show some results for C;(a)’s (0 < ¢ < 5) by the P, conforming finite
element and the Kirchhoff triangular element in [26] with the uniform triangulation of
the domain T,. In such calculations, T, is subdivided into a number of small triangles
congruent to Ty r/2, With e.g. h = 1/20. The penalty method in [47] is also tested to
calculate Cy(ar) approximately.

Figure 2.9 consists of two parts and illustrates the graphs of approximate C;(«)’s

46



(0 < i < 5) versus a € (0,1]. Exact values of Cy and C; = Cy together with an
approximate value of Cy are also included as horizontal lines in graphs. At @ = 1, the
approximate values coincide well with the available exact ones in Theorem 2.4.1, and we
can numerically see that C; = (Cy) is a nice upper bound of Cy. For general «, the
monotonically increasing behaviors theoretically predicted for C;(a)’s (i = 0,1,2,3,5) as
well as the relation Cy(a) < min{C}(«), Cy(r)} are also well observable in the graphs.
The present numerical results suggest that Cy(«) is also monotonically increasing, but we
have not succeeded in proving such a conjecture. Moreover, when o ~ 0, the numerical
results agree well with the exact right limits given in Table 2.1 based on the asymptotic
analysis.

For Cy(«), we tested two methods, that is, the P; conforming triangular finite element
with the penalty method and the Kirchhoff triangluar finite elemnt . These two methods
turned out to give almost the same results if the meshes are relatively fine and the penalty
parameter is appropriately chosen. The graph for Cy(«) in Figure 2.9 is actually obtained
by the Kirchhoff element, but is indistinguishable in graphical level from the one by the
penalty method.

Figure 2.10 and 2.11 illustrate numerically obtained contour lines for C;(a, #)’s in the
a — 0 polar coordinates, where the abscissa denotes « cos @, and the ordinate does a sin 6.
The unit circle @« = 1 is also shown by a dotted curve. The minimum required range
for a and 6 is specified by equation (2.2.1), but the contour lines are shown for wider
ranges, so that we can easily see global behaviors of error constants. These results can
be also useful for practical adaptive computations to specify constants in error indicators
approximately. Of course, for strict mathematical analysis like numerical verification, we
need correct upper bounds to error constants. The contour lines are sometimes cut off in
the portions where the expected accuracy may be insufficient. For example, when a ~ 0
or |0 — w/2| = /2, it requires extraordinarily fine meshes to retain sufficient accuracy.
The behavior of Cy(«, ) appears to be the most complicated among all the constants,
and the necessity of the maximum angle condition can be visually recognized. The other

constants seem to be uniformly bounded over the unit disk a@ < 1.
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0.21= Cs ~ 0.167

0.5 C1 = Cy ~ 0.4929
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0.4

0.35

0.3

«

Figure 2.9: Numerically obtained graphs for C;(a) (0 <7 <50 <a <1)
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Chapter 3

Non-conforming P; triangular finite
element

As a well-known alternative to the conforming linear (P;) triangular finite element
for approximation of the first-order Sobolev space (H'), the nonconforming P; element is
considered a classical discontinuous Galerkin finite element [16] and has various interesting
properties from both theoretical and practical standpoints [15, 49]. In particular, its a
priori error analysis was performed in fairly early stage of mathematical analysis of FEM,
and recently a posteriori error analysis is rapidly developing as well. There are also various
error constants to be evaluated quantitatively [3, 7, 13, 15] in order to give accurate error
estimation of such nonconforming FEM.

Based on the research for the ones related to conforming P; FEM, we investigate
several error constants required in the error analysis for nonconforming P; FEM, Thus
quantitative a priori error estimates for the nonconforming P, FEM solutions become
available. A kind of a posteriori error estimate is introduced in Chapter 5, which adopts
the conforming FEM solution as well as the nonconforming one. At the end of this chapter,

we illustrate the validity of error estimation by numerical results.

3.1 A priori error estimation

We here summarize a priori error estimation for the nonconforming P, triangular FEM.
Let © be a bounded convex polygonal domain in R? with boundary 01, and recall the

Poisson equation in a weak form with the homogeneous Dirichlet boundary condition:

(Vu, Vo) = (f,v), Yov e Hg(Q). (3.1.1)
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As we mentioned in Chapter 2, the notations Ly (£2) and HJ(£2) are the usual Hilbertian
Sobolev spaces associated to €2, V is the gradient operator, and (-, -) stands for the inner
products for both Ly(92) and Ly(Q)%. Tt is well known that the solution exists uniquely
in H}(Q) and also belongs to H*(2).

Let {7"}}>0 be a regular family of triangulations of €, to which we associate a family

of nonconforming P, finite element spaces {V}~o. Each V" is constructed as below
(15, 49]:

VnhC :={ piecewise linear functions over T" with continuity at midpoints of interior

edges and zero values at midpoints on boundary edges } . (3.1.2)

Notice that the homogeneous Dirichlet condition is not exactly satisfied. If there is no

ambiguity, within the current chapter, we will often omit the subscript of V" as V.

Then the finite element solution u, € V" is determined by, for a given f € Lo(Q),
(thh, thh) = (f, Uh), Y, € Vh , (313)

where V), is the "nonconforming” or discrete gradient operator defined by the element-
wise relations (V,v)|x := V(v|k) for any v € V" + HY(Q) and any K € T".

Eq.(3.1.3) is formally of the same form as in the conforming case, so that, for error
analysis, it is natural to consider an appropriate interpolation operator I} from H;(£2)
(or its intersection with some other spaces) to V. However, the situation is not so simple.

That is, using the Green formula, we have

(Viup, Vo) = (Vu, Vio,) — Z / vh—\aKd'y, Yo, € VI, (3.1.4)
Kerh /K
where g_:” x denotes the trace of the derivative of u in the outward normal direction of
0K, and dvy does the infinitesimal element of 0K . Because of the line integral term above,
we cannot appreciate the best approximation property that holds in the conforming case,
e.g., equation (2.1.5). The conventional efforts of error analysis have been focused on the
estimation of such a term.
Before going into the details of analysis, let us quote Lemma 6 of [25], which is a
refined and specialized form of Strang’s second lemma for general nonconforming FEM
[15].

52



Lemma 3.1.1. Let u € H}(Q)) and uy, the solutions of (3.1.1) and (3.1.3), respectively.
Then it holds that

2
. Vu, Vywy) — (f,w
IVu — Vyu||? = lghnvu—vhvhnu sup ( i) = (f, wn) (3.1.5)
VUh

wiEVM\ {0} |V hwn||

Remark 3.1.1. The present estimate is essentially the same as the original one by Strang,
which is based on the triangle inequality. However, the above is better for quantitative

purposes because of the equality form and the smallness of the coefficients.

Proof. We sketch the proof since the Strang lemma of this equality form is not necessarily

widely known. Define @, € V" by
(Vhﬂh, thh) = (VU, Vhl)h), Vvh c Vh . (316)
The present @y, exists uniquely in V", and satisfies the best approximation property
HVu — VhﬂhH = inf HV’LL — Vh“h”; (317)
’UhGVh
as well as a kind of Pythagorean equality
||VU - thhH2 == ||Vu - VhthH2 + ||Vh(ah — uh)||2 . (318)

Here the last term above can be rewritten by

|Vh(tn —up)|| = sup (Va(n — un), Viwn) =  sup (Vu, Vywy) — (f, wp)
wn€VI\{0} IV wn €V {0} [V
(3.1.9)
From the last three equalities, we obtain (3.1.5). 0

We introduce the lowest-order Raviart-Thomas triangular H(div) finite element space
W associated to each 7" [14, 29):

Wh(T") .= { Each q;, € W" is piecewise vector function such that on each K € 7",
qn = (ax + cxw1, b + cxx2). Moreover, the normal component of g,

is constant and continuous along each inter-element edge of 7" }.
(3.1.10)

For ¢, € W" and v, € V", because the integral of vj, over each edge on O vanishes, we

can derive by Green formula that

(qn, Vyor) + (div g, vp) = 0.
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Hence
(Vaun — Vu, Vion) = (g, — Vu, Vo) + (div g, + f,on); Van € W Vo, € VL (3.1.11)

Thus, from (3.1.5) we have

2
(qh — VU, Vhwh) -+ (diV dp + f, wh)
sup

wy €V\{0} |V hws|

HV’LL—thhHQZ inf HV’LL—VhUhHQ—F
UhGVh

(3.1:12)
Using the Fortin operator ITF : H(div; Q) N H2%9(Q)2 — W"(§ > 0) (to be given later or
cf. [14] ) and the orthogonal projection one Qy, : Ly(2) — X" := space of step functions

over 7", we obtain a priori error estimate:

2
IVu=Founll? < V-Vl | [V - TEVul + sup L= wh_Qh“’h)] |

whEVM\ {0} |V hws|

(3.1.13)

Here vy, in (3.1.12) is replace by II,u, where I, is a kind of interpolation to be specified

later which maps u € H(Q) into V". Also g, is taken as ITf'Vu, for which will show that
div g, = div I’ Vu = —Q, f [14].

We can obtain a more concrete error estimate in terms of the mesh parameter h, > 0

(h will be used in a different meaning later) by deriving estimates such as, for v €
H}(Q)N H*(Q) and g € HY{(Q) + V',

lv = Tyoll < yohZlvlo, Vo = VILo| < yhafols (31.14)
Vv =TI, Vil < vehivlz, 19— Qugll < vsha[Vagll - -
Then we obtain, for the solution w € Hj(2) N H*(Q),
had i luld + (alulz + sl F1)?}2 - for f € La(9),
Vu -V < 3.1.15
o= vind < O T B ey i, @19

where the term |u|y can be bounded as |u|y < || f|| for the present €.

We can also use Nitsche’s trick to evaluate a priori Ls error of uy, [15, 30]. That is, let
us define ¢ € H}(Q)(NH?(Q)) for e := u — uy, by

(Vap, Vo) = (e v), Yo € Hy(9) .
Then we have the following lemma.
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Lemma 3.1.2. It holds for the above e = u — w;, that

1e"1? = (Gn — Viavn, Vie") + (Vavr — VO, Vu — qi) + (¥ — vp, div g, + f)
+ (divgy + e, eM); Yo, € V' Y, G € W

Proof. As in the derivation of (3.1.11), we have for the above 1, e", v;, and g, that
(gha vheh) + (diV(jm 6h) = 07 (thfw qh) + ('Uha div Qh) - 07 (vwa Qh) + (¢7 div (Jh) =0.

On the other hand, since u and u;, are the solutions of (3.1.1) and (3.1.3), respectively,
we find that

(Vo, Vu) = (¢, ), (Viow, Vie") = (Vion, Va = Viyup) = (Vion, Va) = (o, f) -
From the above equalities and [[e"||> = (", "), we can obtain the desired identity. O

Substituting v, = Hu1, g, = I Vu and ¢, = II} Vi into the equation (3.1.16), we

obtain

"] = (I} Vb — Vi + Vo — Vi Iy, Vie") + (Villyy — Vi, Vu — I Vu)+
(¥ — Iy, f — Quf) + (" — Que”, " — Qpe™), (3.1.16)

where we utilize the relations such that div ¢, = div I} Vu = —Qpf and div ¢, =
div [T’V = —Qpe™. Then we have, by (3.1.14) as well as the relations |u|y < || f|| and
]2 < [let],

1"l < [ + 2l Vae™ [ + (o + ) BN e + 23R Vne[1*, - (3.1.17)

where the term ~oh?| f|| can be replaced with yoy3h2|f|1 if f € H'(). This may be
considered a quadratic inequality for ||e”||, and solving it gives an expected order estimate
lu = upl| = [le"]| = O(R):

In
el < - (Ar 4 /AT + 440); (3.1.18)

where Ay := (1 + %) [[Vae" [ + (0 + 172)hal [ £ 1], Az := 93] Vre ||

25



3.2 FError constants for nonconforming FEM

To analyze the error constants in (3.1.14), let us consider their element-wise counter-
parts. First we configure the triangular element in the same way of section 2.2. Here we
recall the definition of the geometric parameters: h, a and 6 are positive constants such
that

h>0, 0<a<l, ( §)cos‘1%§6<7r. (3.2.1)

T
3
Each triangle T, ¢ has three vertices O(0,0), A(h,0) and B(ahcosf, ahsin@) and three
edges e;’s (i = 1,2,3) defined by {ey, ea,e3} = {OA, OB, AB} (Figure 3.2). Hence h = OA
still denotes the medium edge length. The abbreviation of notations will be the same as
the one in last chapter, e.g., To9 = Ta01, To = Ta% and T = T;. Also we will use the
notations || - || and | - |; as the norm and standard semi-norms for functions over 7T, g p,

where the subscript of domain is often omitted.

B(ahcos, ahsin )

Ta,@,h
ah

~ A(h,0)

0~ T

Figure 3.1: Triangular element 715, ¢,

In addition to the linear spaces Vaiﬂ,h, i € {0,1,2,3,4} defined in Section 2.2, we

introduce several new closed linear spaces for functions over T, g

VT = {ve HY (Tuon) | / v(s)ds =/ v(s)ds =0 }, (3.2.2)
€1 e
{123} _ 1 _ .
Vit = {veH (Taon)| [ v(s)ds=0, (i=1,23)}, (3.2.3)
Vg = {veH (Topn)] /v(s)ds=07 (i=1,2,3) }. (3.2.4)

The abbreviations for notations Vig’h are also used here, e.g., Va{’lg’Q} = Voile’i}, v
lef}, vz — Vl{m} etc. For the purpose of error analysis for nonconforming FEM, we
2

define nonconforming P; interpolation operator Hi’g , for functions on T, g5 [13, 15]: For
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ve H Tyon), H;’,’;ﬂhv is a linear function such that

/ (15 ) (s)ds = / Ws)ds (i=1,2.3). (3.2.5)

For simplicity, we will often use IT'" instead of H;’,Z, n» Where the subscript is omitted.
In the same way as we define C;(a,6,h) (0 < i < 5), let us consider several other

positive constants for the purpose of estimating the interpolation operator mentioned

above,
C - HUHTa,G,h _
J(Oé,@, h>_ sup 1 (‘]_ {1’2}7{17273})7 (326)
veVy,  \{0} \U’LTa,e,h
[vhn., [vllz,
Cum(o,0,h)=sup Hi’e‘h, Cimy(a,0,h) = sup B -2 (3.2.7)
veVhr, \ (0} UVl2, T, 0n veVia \{0} Ul2,T, 0

We will again use abbreviated notations C;(a, 0) = Cj(a,6,1), Cj(a) = Cy(a, /2),
Cy=Cy(1) and also Cj, ¢ := Cy(a, ) for every possible subscript J.

By a simple scale change, we can easily find that C;(a, 0, h) = hCj(,0) (J # {5,n})
and Cls.ny (v, 0, h) = B*Cy5 1 (a, 0). Now, by noting v —H})’f;’hv € V;’(Zh forv e H*(Twon),

we can easily have the popular interpolation error estimates on T, ¢5: [13, 15].

lv — H;”Zﬁhvh < Cram(a, 0)h|vla, Yv e H*(Topp), (3.2.8)
v — Hi’f;yhvﬂ < Csny(a, OR3P ], Yo € H*(Thgp) - (3.2.9)

Below, we show some fundamental properties of the constants.

Lemma 3.2.1. For the constant Cj(c,0), we have

0{4771}(0(, 6‘) S Co(Oé, 6‘), 0{5,7,1}(0(, 6‘) S Co(Oé, 9)0{1,273}(06, 9) S Co(Oé, 9)0{1,2}(04, 9) .
(3.2.10)

Proof. To show the former of (3.2.10), we notice that function in Voi » has the zero integral

on each edge, and then apply the Gauss formula to obtain

0
/ Cdr=0forve VY (i=1,2). (3.2.11)
Too 0:151 ’
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Hence we can easily obtain Ciy,(a,0) < Cy(a, ) by noting the definition of Cy(a, 0).
To derive the latter of (3.2.10), we notice that

[V]|7.,0

Cpm(@.6) = sup (3.2.12)
veV g\ {0} \U|2,Ta’g
< sup 0]l _— V)11, (32.13)
veV, 5\ {0} [v]170 veV i\ {o} [vlaT,, 4
- 0{4771}(04,6') 0{17273}(04,9) ) (3.2.14)

By further noticing that Cpo33(r,0) < Crigy(a,0), we prove the latter of (3.2.10).

Also notice that an estimate possibly rougher than the latter of equation (3.2.10) is

Cismy(a,0) < Co(ar, 0) min;—; o 3 Cj(v, 0) by utilizing the relation C'py 933 (v, 0) < min;— 23 Ci(cv, 0).
O

Thus we can give quantitative interpolation estimates (3.2.8) and (3.2.9), if we succeed
in evaluating or bounding the constants C(«,8)’s explicitly for all possible J. Among
them, Cy(a, ) and Cpy9y(cr,0) are important as may be seen from (3.2.10). Just as we
did in Chapter 2, we execute analogous analysis to show the following properties for the

newly introduced constants:

Lemma 3.2.2. The constants C;(a)’s (J = {1,2},{1,2,3},{4,n},{5,n}) are continuous
with respect to variable . Moreover, except for Cny(a), these constants are strictly
monotonically increasing with respect to a. (Numerical computations suggest that the
constant Cyyny () to be monotonically increasing on o, while it has not been proved yet.)

The dependence of these constants on o and 0 is given as follows:

$(0)C5(a) < Oy, 0) < ¢5(0)Cs(a)  (J ={1,2},{1,2,3}, {4,n}, {5,n}), (3.2.15)

where

((9s(0) = 1+ ][cosb], ¢;(0) =+/1—cosO] (J={1,2},{1,2,3}),
Prany(0) = (L + |cosb])//1 —|cosb,
Yany(0) = (1 — | cosb])/+/1 + | cosb],

=1

[ P53 (0) +|cosf], Ypny(0) =1—|cosb].
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As a result, the interpolation by the nonconforming P; triangle is robust to the distor-
tion of T}, 9. This fact does not necessarily imply the robustness of the final error estimates

for u — uy, since analysis of the Fortin interpolation has not been performed yet.

Remark 3.2.1. Instead of H})’f;,h, it 15 also possible to consider an interpolation operator
using the function values at midpoints of edges. Such an operator is definable for contin-
uous functions over Ta,(;,h, but not so for general functions in H (Tyg,). Moreover, its

analysis would be different from the one for Hi’g b

Determination of Cy; o)

From the preceding observations, we can give explicit upper bounds of various inter-
polation constants associated to the nonconforming P; element, provided that the value
of C{1 9y is determined. This becomes indeed possible by adopting essentially the same

idea and techniques to determine Cy and Cy(= Cy):

Theorem 3.2.1. Cpy 9y = Cpi23(1,7/2,1) is equal to the mazimum positive solution of
the transcendental equation for j:
L + tan 1 0. (3.2.16)
2u 2u
The above implies that Cyy 9y = %C’l(: %Cg), and hence is bounded as, with numerical
verification,
0.24641 < Cfy 9y < 0.24647 . (3.2.17)

Remark 3.2.1. Thus 1/4 is a simple but nice upper bound. Numerically, we have C(y 9y =
0.2464562258 - - - .

Proof. By the use of the technique for determination of Cy and C; = Cs in [27, 29|, we

obtain the following equation for yu:
1 1 1
1+ —sin——cos— =0, (3.2.18)
2 p Iz
whose maximum positive solution is the desired C 23. By the double-angle formulas, the

above is transformed into
1 1 1 1

(2sin — + —cos — ) sin — = 0. (3.2.19)

20 p 2p 21
It is now easy to derive (3.2.16), and also to draw other conclusions by using the results
in [27, 29]. O
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3.3 Analysis of Fortin’s interpolation

This section is devoted to analysis of the Fortin interpolation operator IIZ , for each
Top [14]. First, let us introduce the following transformation between x = {1, 2} € To g

and T = {.ff?l,[lATQ}I
T4 =x18in60 —x9c0860, To= 11080 + 29806 . (3.3.1)

For each ¢ = {q1,q2} € H(div;T,yp), we also consider the (contravariant) expression
Cj = {(jla QQ}:

g1 = q18in0 — gocosB, Gy = qcosf + gosinf | (3.3.2)
for which we loosely use both x and Z as variables. The Raviart-Thomas type approximate

function g, = {qn1, qn2} are given, together with the expression for ¢, = {{n1,q4n2}, by

gn1 = Q1 + Q3T Gn1 = a1 8in 6 — ay cos b + asty (3.3.3)

Gho = Qo + Qi3To Gno = a1 cos80 + ansinf + asts o
The Fortin interpolation qj; = {qjiy, qjo} = I 4q for ¢ € H(div; T, p) NH=2(T,4)2(6 > 0)
is of the form in (3.3.3) and characterized by the conditions:

€1 €2

/ (Gho — q2)ds = / (Gi — Gr)ds =0, / div(g; — g)dz = 0, (3.3.4)
TaG

where ¢ for ¢ and ¢, for ¢ are defined in (3.3.2),(3.3.3), respectively.
H{l 2}61 = qh = {q;TLl,q;rﬂ} for the same g,

which is a constant vector function that satisfies only the former two conditions of (3.3.4).

Let us now introduce another interpolation

Then we can have the L, estimate:

1/2
div g
lo-1tEal < o180l + S japas (5.5.5)
Tool \JTus
14+ acosf+a?, .
= g1 ||+\/ o |div g]| . (3.3.6)

Here we introduce another quantity C'p; for later purpose,

1+ acosf + a?
Cp,l(()é,e) = \/ o4 . (337)

To bound |[|g — H{1 2l let us evaluate ||dy — ¢l || and [|ga — gl,|| by using Cy(a, 6)
and Cy(a, ) and there is no difficulty to get the following theorem.
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Theorem 3.3.1. It holds for ¢ = {q1,q} € H' (T p)? that

lg — 1 gz, < Crala.O)lahr,, . (3.3.8)

1
V2sin @

1/2
Cra(a,0) := {cf + ¢+ 2c1c5 co8? 0 + (e +02)\/C% + 3+ 2c109 00829} ,

(3.3.9)

where ¢; presents Ci(a,0) (1 = 1,2) for the purpose of abbreviation.

Remark 3.3.1. From (3.3.6) and (3.5.8), it is easy to derive the following estimate for

the Fortin interpolation operator 11, , -

lg =115 g pallz, o < Cra(e,0) hl|div qlz, ,, + Crae, O)hlghr, ,, Vg € H' (Taon)*.
(3.3.10)
Because of the factorsin@ in (3.5.9), the mazimum angle condition [1, 6, 29] works for es-
timate (3.3.8), and consequently for (3.3.10). On the other hand, the estimates for Hgﬂ,h
and H;”Zﬁ are free from such conditions as may be seen from (3.2.10) and the comments

there.

3.4 Summary of a priori error estimate

So far, we have introduced and analyzed local interpolation operators Hg@h,ﬂi”’;,h

and 15, ,. For each K € T", we can find an appropriate T, g, congruent to K under an
appropriate mapping Vg : K = T, 9. Then it is natural to define the P, nonconforming

interpolation operator I17¢ : H}(Q) = V" by
(Ipv) e = (I (0] 0 Ui1)) 0 U (3.4.1)

for v € H}(Q) and K € T". Similarly, the orthogonal projection operator Qy, : Ly(Q) =
X" is related to II) 4 ,, while the global Fortin operator II} is defined through IT, .
Concretely, function W is the Piola transformation for 2D convariant vector fields [5].

We define {ax,0k,hix} by the parameters {«,6,h} for each K € T". Also, we
introduce the global parameters

h, = max hg, C’f} := max Cj(ag,0k) for all index J .
KeTh KeTh
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Let us recall the interpolation operators mentioned in (3.1.13) and (3.1.14). By taking
IT), to be II7¢, we have the interpolation estimates in (3.1.14) as, for u € Hg(Q) N H*(Q),

lu—Teul < CPhZluly < CCY oy h2lula,
IVu = ViILtul < Cihululy < Cohiluls,

IVu—TFVull < Chyhal|Aull + Clighafulz
and for g € HY(Q) + V",
lg = Qngll < Coha]|Vagl -

Substituting the constants above into (3.1.15), we now obtain the computable a priori

error estimate as follows: given data f € Ly(€2), we have

) 0y 1/2
IV = Vol < b O + (Cholule + @+ AN (342
If f belongs to H'(2) as well, then
) , 5y 1/2
19~ Vaanl < { Ol + (Chalule + s+l )} 349

Similarly, we can derive a computable estimate for ||u — u||q in explicit form, which

is omitted here.

Remark 3.4.1. As we will see in the following chapters, relations such as (5.2.7), (5.2.10)
and (5.2.12) may suggest the possibility of finding interpolations for Vu in W" other than
the one by the Fortin operator, which are free from the maximum angle condition [6].
However, VIl u + ay,), for example, is not shown to belong to W", because we cannot
prove the inter-element continuity of normal components unlike Vpuy. Our numerical
results show that the mazimum angle condition is probably essential for the nonconforming

P, triangle. See also [1] for related topics.

3.5 Asymptotic analysis of constants on narrow ele-
ment

In this section, we will investigate the behaviours of the constants C'y; ,y(0)’s, (i = 4,5),
when the shortest edge of triangle tends to be zero. The method to be used is almost the

same as those for the constants appearing in the case of the conforming FEM.
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As is well known, the constants Cy (v, 6) and Cys 3 (v, @) can be characterized by

the following variational problems:

Aany (@, 0) = (1/Clamy(a, 8))2: Find u(#0) € Voi’gn, and minimal A > 0 such that

2
Z(@-ju, 0;jv)r = A(Vu, Vo), Vv e v;;g . (3.5.1)

ij=1
Ay (@, 0) = (1/Csmy (a, 9))2: Find u(#0) € Voi’(? and minimal X > 0 such that

2
Oiu, 03;0)r = Mu,v)r, Yv €& yhn 3.5.2
J J a,l

ij=1

The existence of these C;(40) := lim,— 1o Cy(a) (J = {4,n},{5,n}) is easy to see
by considering the boundedness of the constants over (0, 1] and the compactness theories
such as Rellich’s theorem. Let us introduce two new quantities Agyn)(40) := C{fn}(+0)

and Ags ) (+0) := C’{’;n}(—i—()) and also a subspace of V{1:23}

W™(T) == {v € V*"|0yv = 0} . (3.5.3)

From the Lemma 2.5.1, we see the function u(xy,z2) € W"(T') can be identified with
a single variable one 4(x1). In the following, the symbol u(z) € W"(T) is just u(z) :=
u(zy, z9) = (xy), v () := di(x,)/dr, and u? (z) ;= d*0(z,)/dz?.

We can show that these two constants are characterized by the following eigenvalue

problems:

Problem for Cyy,,)(4+0):  Find minimum A > 0 and v € W™(T) \ {0} such that
(811u, 8111))T == A(@lu, al?])T, Yv € WnC(T) s (354)

or

U@ (1 — 2N@ = A (u®(1 — )V
{( (1-=2)) A (1 =)V +C, (35.5)

w(0) = [ u(t)dt = u®(0) = u®@(1) =0,
where C' is an unknown constant to be determined. By using the hyper-geometric func-

tions, the general solution of the ordinary differential equation here can be presented
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33 A1 — z)?
= 1— Fy(1,1;2,2,2; -

U(.T) Cl+62( ‘1') 2 3( ’ 7272a ) 4 )
1 3 3 5 A1-u)?
+c3 ((1—%)—E(1—x) 2F3(1,272,2,§7 1 )

1 3 5 A1 —uz)?
———(1—1x)® 5F5(1,5;2,2, 5 - =~ 5.
+C 12)\1/2( ‘1') 2 3( DY 4 ) (356)

with proper selection of ¢;’s , C' and A to make u satisfy the conditions in (3.5.5). Nu-

merical computations show that
)\{4771} (4+0) ~ 14.682, 0{47,1}(—1-0) ~ (0.26098 . (3.5.7)

By taking u := x(x — 2/3), we can easily obtain an upper bound for Agy,}(40) as 18.

Problem for Cy;,,)(40): Find minimum A > 0 and v € W"(T') \ {0} such that
(Onu, 0nv)r = Mu,v)r, Yve W™(T), (3.5.8)

or

(u@ (1 —2)® =\X1-2)u+C
{ (3.5.9)

w(0) = [ u(t)dt = u®(0) =u®(1) =0.

The general solution in the form of hyper-geometric form is

(3.5.10)

with proper selection of ¢;’s and A to make u satisfy the conditions of Eq.(3.5.9). Also

numerical computations show that

Ay (H0) ~ 42831,  Clzy(+0) ~ 0.048319 . (3.5.11)
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Sketch of determining A4 ,,}(+0)

The process of determining Ag4,,3(+0) is analogous to the one in Theorem 2.5.3. Here
we only show the sketch. Before going into further discussion, let us recall the Rayleigh

quotient defined by equation (2.3.3) for function v € V4" over T'(= T 1/2,1):

2 -2 2 —4 2
R&4)( ) = aa(v) _ [011v]|7 + 2a - H812U|2|T +042 [|022v |7 7 (3.5.12)
ba(v) 10117 + o2 Oav]|7
and Agy ) can be presented in the following form:
Aany(@) == inf RW(v). (3.5.13)

veVAn\ {0}

On considering a special function @(z1, zo) = sin(27z;) € V4™, we can easily show that

Aamy(@) = R (uy) < lilar _ o (3.5.14)

= )y

What we aim to show is that Ay (o) has a limit when a@ — +0:

Afany(+0) = hcff}i%f Apany (o) = limsup Aga ) (@) - (3.5.15)

an—0

For any convergent sequence Agyny(ay,) — A" as a, — +0, (0 < oy, < 1), we will prove

that the limit A\* here is independent of the choice of {a,}.

For any Apyny (), let u,, € V4" be one of the corresponding eigenfunctions, that is,
)\{4,71} (an) = Rgﬁ? (uOln) :

Here we also assume that b, (ua,) = 1. The uniform boundedness ||u,,, ||2.7 is clear since
Af4,n} is uniformly bounded. By the compactness theories in Sobolev spaces and the same
technique adopted in Theorem 2.5.3, we find there exists a sub-sequence of u,, , which we

still denote by u,,,, that satisfies, when «,, — 40,

Ug, — up weakly in H*(T,) ,
Ug, — U strongly in HY(T,) .

Since the limit uy may be zero, we should discuss the following two cases separately.

Jim e, flar =0, or lim dlug, [l2r # 0. (3.5.16)
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The former finally leads to the eigenvalue problem in equation (3.5.5), for which we
omit the proof here. For the second case, we define a new sequence {v, } = {a; '0su,, },
and will show that {v,} weakly convergences to v € W"¢(T'), which is the eigenfunction

corresponding to one of the eigenvalues of:

{ —(vW(z)(1 —2))® =3 v(z) (1 —2) for 2 € (0,1), (35.17)
[3(1 = z)(z)dz =0, vM(0)=0. -
By numerical computations, we can show the problem above has the minimal eigenvalue
A~ 2 x 3.8317% > 18. Hence we see the solution of this problem is not the required
eigenfunction since Agyny(v,) < 18. One thing to be pointed out is that here the compu-

tations are executed by floating-point arithmetic. To give strict conclusion, we still need

the verified computation technique to guarantee the computational results.

In the following, we show how to deduce the eigenvalue problem (3.5.17) from the
assumption ||ug||2r = 0, which is analogous to the 4th part of Theorem 2.5.3, or (4.3.2)
in our paper [28].

Let w,, := a; 'Ou,, (n =1,2,...). Then w, € H(T) satisfies

/ w, dridrs =0, forn=1,2,..
T
Moreover,
101110, |7 + 2[101wa 17 + o *[[Oawal* = Mgy (en) (R = 1,2, ...) .

As M4y (0y,) is uniformly bounded, {w,} is bounded in H*(T) and dw,,/dzs — 0 (n —
00). Thus, by choosing a sub-sequence of {w, } and denoting it by the same notation for

simplicity, we can show the existence of wy € H'(T) such that, for n — oo,
w, — wo weakly in H'(T) and strongly in L*(T).

It is obvious that dwgy/dzy = 0 a.e. on T', then we can identify wq by a function depending

on only variable x1, which we still denote by wq(x1). Also, wy still satisfies

/wo dl’ld.’l}'g =0.
T

Let v* be an arbitrary function of variable x; such that v* € C*°([0, 1]). Notice that such
v* can be extended to the one over domain 7', which is only depending on the variable

x1. For simplicity, we denote the extended one by the same symbol v*.
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For the aforementioned v* € C'*(]0, 1]), define another function Pjv* of z; by

fol—s ds

fo (1—s)d

We take v(xy, z2) := (P1v*) (21)-22+9g (1), where g(z1) is selected to satisfy fol g(x1)dx, =
0 and f [(Piv*) (0) - 25 + g(0)] dzy = 0. Hence, the function v belongs to V123 that is,

(Pv”) (1) = v (21) — (3.5.18)

/vds:O (1=1,2,3).

Considering the variational equation for w, together with the test function v given

above, we have

Pu,, 0% ow, 0 (Pv*
G (5 ),
ou,, Ov
0xy’ 0xy

Taking the limit of the equation (3.5.19) and noticing that 0; (Pyv*) = 01v*, we find
that wo in H'(T) satisfies

= Ay (o) [on (5—, =) + (wn, Pv")7] . (3.5.19)

3w0 ov*

(=2
(81’1’81’1

)T = )\*(wm Pﬂ)*)T

Now we obtain the following eigenvalue problem:

1 1
2/ (1= )L 47 :)\*/ (1= 2wy (Piv*)day: Yo' € C([0, 1]).
0 0

From the arbitrariness of v* and the relation fol (Pyv*) (z1)(1 — 2 )dzy = 0, we can deduce

that

d dwo
2—1(1 =
-3

|4+ A1 — 2)wo(x1) = C(1 — xq) and %(O) =0. (3.5.20)

dlEl X1

Considering the integration of the former ODE in (3.5.20) over (0,1),we deduce that
C' = 0. So the eigenvalue problem is just the one in equation (3.5.17).
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3.6 Estimate of interpolation constants in 3D case

As an extension of the results which we obtained in 2D case, we here consider the the
nonconforming finite element in 3-dimensional space, for which only partial results are
given. For further investigation, we still need much more efforts.

Let us consider the P, nonconforming tetrahedral element space V" that is defined
over the subdivision of domain with tetrahedra. The function in V" is piecewise linear
function whose integrations on inter-element faces are continuous. To approximate the
homogeneous Dirichlet boundary conditions, the function in V" is forced to have vanishing
integration on boundary faces. In the following, we will consider and analyze an important

interpolation analogous to the 2D case.

Figure 3.2: Tetrahedron element K

Firstly, let us consider the tetrahedral element in 3D space. With t;,ty and t3, the

vectors in R?, we define a tetrahedron K (See Figure 3.2):
K = convex hull of {0, ty, ts, t3} with the boundary omitted. (3.6.1)

To orient the vectors ti,ty and tg, we define the matrix M = (ti, t2,t3) and require
that det(M) > 0.

Let us denote the the nodes of K by O, A(t1), B(t2) and C(t3), and the faces fi(OAB),
f2(OBC), f3(OAB) and f,(ABC). The Cartesian coordinates of point in K denoted by

Tr = (I17$27x3)'
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Introduction of interpolation operator II}¢

On tetrahedron K, which is supposed to be an open set, let H™(K') denote the Sobolev
spaces of functions of L?(K) with distributional derivatives up to the order m. The norm
of w € H™(K) is written as ||ul[gmk) or ||ul[mx and the standard semi-norm to be
|| grm iy OF Ul k. The L? norm of u, |Jul|r2(x), will be abbreviated as ||ul|x or ||Ju|.

Given u € H'(K), which may not be continuous on K, we consider the interpolation

operator I}, which maps v to a linear function II}fu such that

/( Ku—u)dS =0for1<i<4, (3.6.2)
fA

where dS is the surface element on f;.

In the application of FEM, the following two kinds of interpolation error estimates are
widely used: Given u € H?*(K)(C H'(K)), there exist constants Ci¢(K) and C7¢(K),
which depend only on the geometry of K, such that,

lu — el < Cg*(K) [ulax (3.6.3)
lu — M¥u| xk < CTK) |ulzk - (3.6.4)
The existence of these two constants are easy to prove. For simplicity, we will usually
write C7“(K) as CI'“.
Let us introduce a subspace of Sobolev space H*(K):
Vi“(K) = {v € H*(K)| v has the zero integration on each face.} . (3.6.5)

It is easy to check that u—IT%fu € Vi“(K) and |u—I1%uls x = |ulo,x. We then characterize

the optimal constants above by the Rayleigh quotients:

|U|§K
1/Cr¢)? := X\ = inf 2 3.6.6
( / 0 ) 0 uGVO"C(K)\{O} HUH%( ( )

(1/Cy)? = A° = inf ’u%’K :
ueVye(K)\{0} |U|1,K

(3.6.7)

In addition, we consider the average interpolation I1%: for u € H'(K), Il u is constant

function over K such that
/ (Mgu — u)dr = 0. (3.6.8)
K
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Let us introduce the constant C*4(K) by

lu — Mgullx

CAK):= sup : (3.6.9)
weH1(K)\{0} |U|1,K
then we have the estimate for interpolation IT4:
|u — Tl x < CHE)|u|k , (3.6.10)

where the optimal constant C4(K) is a kind of the Poincare constant. Such a constant
plays an important role in bounding the constants Cj“ and CT¢, as will be shown below.
From the results in [32] and [11], where the latter one [11] corrected a mistake in the

former [32], we have

diam(K)

CMK) < , diam(K) = the diameter of K .

To give estimates to the constants C¢ and C7¢, we still need another several constants.
Let P be the power set of {1,2,3,4}. Then define, for each index set I € P\ {0},

CTHK) ==\ = inf ‘“‘lf. (3.6.11)
we HY(E)\ {0} lullk
ffiuds =0,Viel.

Thus, we have constants such as Cy3(K), Ca,33(K), Cpi2,343(K) and so on.

Upper bound for constants C{°(K) and C}°(K)

Theorem 3.6.1. The following etimates hold:

Cr(K) < CAK), (3.6.12)
Cr¢(K) < CAK) - Iergi\?@} Cr(K) . (3.6.13)

Proof. We first consider the inequality (3.6.12). For u € V,(K), since the integration on
each face is zero and by the Green formula, each partial derivative du/dz; (i = 1,2,3)

satisfies

ou

de= Y /funids:o; i=1,2,3, (3.6.14)
k

k=1,2,3,4
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where n; is the i-th component of the unit normal vector on the face f;. Hence,

ou ou
< CMK ' =1,2,3). 3.6.15
HaxiHK < CY( )!axih,K (i=1,2,3) ( )
which lead to
lul1, < CK)|ulox - (3.6.16)

For the second inequality, we should consider the following fact:

Cr(K) = su lullx [Jullx |U|1,K.
0 wevpev(oy (U2, T wevpevgoy [ulk vevpevgoy [V]2,x

As we can easily see

Il < min C[(K),
wevpevfoy [ulix T 1eP\{0}

together with the inequality in (3.6.12), we can deduce the inequality (3.6.13). O

Remark 3.6.1. In the two dimensional case, we can give concrete values to some con-
stants by using the so-called ”symmetry techniques”, i.e., the isosceles right triangle can be
extended to the unit square by reflection. However, in three dimensional case, such tech-
nique fails completely. So, we are planning to develop numerical method with a posteriori

estimates to obtain the upper and lower bounds for these constants.
Numerical results

In the case where the tetrahedron K is constructed by the convex hull of the canonical
unit vector e;, e and ez, we evaluate CA(K ) by the finite element method with linear

tetrahedral elements, and obtain that
CAK) ~ 0.262,
which is compatible with the above mentioned theoretical one, that is, C4(K) < v/2/7(~
0.451).
3.7 Numerical results

3.7.1  Evaluation of constants Cyy (., 0) and Cf; 1 (a, 0)

Firstly, we perform numerical computations to see the actual dependence of various

constants on « and 6 by adopting the conforming P; element and a kind of discrete
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Kirchhoff plate bending element [26], the latter of which is used to deal with directly the
4-th order partial differential equations corresponding to Cy(a, 0) and Cs(«, ). We obtain
numerical results for Cy(«) and Cs(«v) (6 = 7/2) together with their upper bounds. The
uniform triangulation of the entire domain 7, is adopted, that is, T, is subdivided into

small triangles, all being congruent to Ty /2, With, e.g., h = 1/20.

Figure 3.3: Numerically obtained graphs for C4 (o) and its upper bound

Figure 3.3 illustrates the graphs of approximate values of Cyn) (o) and Cp(ar) ver-
sus o €0, 1], while Figure 3.4 shows similar graphs for Cys ) (cr) together with its upper
bounds Cy(a)Cpy9 () and Co(ar)Cyr 2,31 (). In both cases, the theoretical upper bounds
give fairly good approximations to the considered constants Cl,y(a) and Cs ().
The asymptotic analysis result that Cpsny(+0) = Cy(+0) can also be oberserved in
the Figure 3.3. Meanwhile, the limit Cys,,)(40) is different from Cy(4-0)Cyy 2,41 (+0) =
Co(+0)C1,23(+0), although the numerical values are close to each other.

3.7.2 Computation for a priori error estimates

We test numerically the validity of our a priori error estimate for ||Vu — Vjuy|. That
is, we choose € as the unit square {x = {x1,22};0 < x1,29 < 1} and f as f(x1,x92) =
sin 7y sinwry. So the solution is u(xy, z9) = ﬁ sin Ty sin mxy. The N x N Friedrichs-

Keller type uniform triangulations (N € N) is used for computations. In such situation,
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Figure 3.4: Numerically obtained graphs for Cys »y(a) and its upper bound

all the triangles are congruent to a right isosceles triangle T} ;/21/n, i.€., hy = h =
1/N. Moreover, we can use the following values or their upper bounds for the necessary

constants:

Figure 3.5 illustrates the comparison of the actual ||Vu — Vyuy|| and its a priori esti-
mate based on our analysis. The difference is still large, but anyway our analysis appears
to give correct upper bounds and order of errors, i.e., O(h,). In Chapter 5, we will con-
sider a kind of hypercircle-based a posteriori estimation, which gives relatively better error

estimate than the current one.
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Figure 3.5: Numerical results for ||Vu — Vj,uy|| and their order plots for h
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Chapter 4

Enclosing eigenvalue of Laplacian
and its application to evaluation of
error constants

In the preceding two chapters, we have introduced various constants related to error
estimation of both conforming and nonconforming FEMs. These constants are character-
ized by Rayleigh quotients and hence related to eigenvalue problems with various kinds of
constraints. For example, the constant Cy(a, ) is related to the first positive eigenvalue
of —A in the space over T, y, where the function has zero integration over Ty, g.

As we have already seen, we can give exact values or proper estimates for the constants
only in very rare cases, e.g., Cy, C; = Cy. It is in fact very difficult to determine the
exact values of constants related to 7, of general shape. On the other hand, we can
adopt the FEM to obtain approximate values for such constants as may be found in,
e.g., [4, 44, 29, 47|, but their quantitative error estimates for the approximation are often
unavailable.

In this chapter, we will give quantitative a posteriori estimation for the evaluation of
Ci(a,0)’s (0 < ¢ < 3) by utilizing the piecewise linear FEM and the obtained estimates
for the constants. The basic idea adopted here can be found in many texbooks such as
that of Schultz[46]. To see the validity of the method in section 4.5, we will consider the
evaluation of the minimum eigenvalue of the Laplacian eigenvalue problems on disk under
the homogeneous Dirichlet condition.

At present, our approach gives only approximate or numerical boundings of the con-
stants, but they can be turned into mathematically correct ones provided that appropriate

numerical verification methods become available. Refer to [41, 38] for the interval com-
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putation method and the theories required by efficient verified computations.

4.1 Preliminaries

Let Q be a bounded convex polygonal domain, which is in many cases the triangular
one T,4. Let us also consider a closed linear subspace H!(Q) of H'(2), which can be

finite-dimensional and satisfies

HYQ) £ {0}, 1¢ HY(Q), (4.1.1)
where 1 is the constant function of unit value in Q. A typical example of such H!(Q) is
Hg (42).

As a generalization of variational form (2.1.2), we consider the problem of finding
u € HX(Q), for a given f € Ly(f2), such that
(Vu,Vo)g = (f,v)q, Yv e HX Q). (4.1.2)

The uniqueness and existence of u in H}(2) are also trivial, so that we can define an

operator G5 by
Gy: f € Ly(Q) — u e HY(Q) determined by (4.1.2) . (4.1.3)
As a generalization of the problem related to (2.2.18), let us also consider a minimiza-
tion problem for the Rayleigh quotient:

. ‘UEQ ]

el

R*(v) : VYo e HL(Q)\ {0} . (4.1.4)

The minimum actually exists and is positive under (4.1.1) as may be shown by the
compactness arguments. Moreover, denoting the minimum and the associated minimizer

by A > 0 and u € H!(Q)\ {0}, respectively, they satisfy the following variational equation:
(Vu, Vu)g = Mu,v)g, Yv € HX(Q). (4.1.5)

By using G, in (4.1.3), the present u € H!(Q) is shown to satisfy u = AGu.
To apply the P, FEM to the above two problems, we first introduce a regular family
of triangulations {7"},~¢ of Q as we mentioned in Section 2.1, and then construct the

piecewise linear finite element space S* C H'(2) for each 7" as

S" .= {v, € C(Q)| va|x is a linear function for each K € T"} . (4.1.6)
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For u € H*(Q) (C C(Q)), recall the definition the piecewise linear interpolation IT}u € 5"
in (2.1.7):

(IT} u) (p;) = u(p;) for each vertex p; of T" . (4.1.7)
We will also use the parameters h = maxgern hr, C = maxgern Cy(ak, k) and Ch =
maxgern Cs(ak, 0k) defined in Section 2.2. Then we have the following interpolation

estimates for the above u as was discussed in Section 2.2:
lu — H}IZU‘LQ < C’ff hlulaq, |lu— H}LUHQ < C’g hQ\u\ZQ ) (4.1.8)

To construct approximate problems to (4.1.2) and the minimization of (4.1.5), let us
consider the subspace S™* of S defined by

Shs .= Shn HNQ) (4.1.9)

which we assume to be different from {0}. Of course, various other finite-dimensional
subspaces of H!(€) are available in place of S"*, but the above one is theoretically simple
and also practically favorable in many cases.

Then an approximation to (4.1.2) is to find u;, € S™*, for a given f € Ly(£), such that

(Vuh, Vl)h)g = (f, Uh)Q, Yu, € Shs (4.1.10)
The uniqueness and existence of u;, in S™* are trivial, so that we can define an operator
G" by

G": f € Ly(Q) — uy, € S™* determined by (4.1.10) . (4.1.11)
Noticing that u = G,f and u, = G"f, we generalize the estimations in (2.1.5) and

(2.1.6) as below:
|Gof — G flia = min |Gof —vnlia, (4.1.12)

vy, €Shss

Gsg —
IGof = Giflla <IGof = Giflia  sup inf |Gsg — vnlo

(4.1.13)
geLa@\ oy vneshs  [glla

On the other hand, an approximation problem related to R*(-) is to find the minimizer
in §™4\ {0}. In this case, the existence of the minimum is again trivial, and the minimum

A" and an associated minimizer u;, € S™*\ {0} satisfy the relation analogous to (4.1.5):
(Vuh, vvh)g = /\h(uh,vh)g, Y, € Ghos (4.1.14)

The following results are easy to derive but will play an essential role in our approach,
cf. e.g. Theorem 8.3 of [46].
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Lemma 4.1.1. Let X\ and A" be respectively defined by X = min,em oy o3 R°(v) and
AN = mingegna oy R°(v), and w € HY(Q) be an minimizer associated to X such that
|ullo = 1. Then it holds that, for Vv, € S™\ {0} with ||u — vyl < 1,
2
)\S)\hg)\+ ‘u Uh‘l,Q _.
(1= lu—vnllo)

The following results are also well known and will be used later, cf.[22]

(4.1.15)

Lemma 4.1.2. For the present 2 and a given f € Ly()), consider the problem of finding
u € HY(Q) such that
(Vu, Vu)g = (f,v)a, Yve HY(Q). (4.1.16)

Such u exists if and only if
(/i )a=0. (4.1.17)

and is unique up to an additive arbitrary constant function. Moreover, u € H?*(Q) with
lul20 < [[Aullo = [|flle - (4.1.18)

Remark 4.1.1. To assure the uniqueness to u, we can for example impose the condition
(u,1)o = 0 on u. The present problem corresponds to the one for the Poisson equation

with the homogeneous Neumann boundary condition:

—Au = f in €, g—z =0 on 0N . (4.1.19)

Lemma 4.1.3. Given data f € Ly(2), the problem of finding u € H}(Q) such that
(Vu,Vo)a = (f,v)a, Vv e Hy (), (4.1.20)

has a unique solution. Moreover, v € H*(Q2) N Hy () with

lul20 < [[Aullo = [|flle - (4.1.21)

4.2 A posteriori estimation of Cy(«, 6)

We first give a posteriori estimates to Co(a, 6). In this case, Q = T, 4 and H!(Q) =
Vo?ﬂ. Let us define an orthogonal projection operator P° : Ly(T, ) — LY (Tny) = {g €
Ly(Toe)l(9, V)1, , = 0} by

fT g([L’)de (g, ]->T
Plg:=¢g— Cfidx =g— Te‘f’ Vg € Ly(Thyp), (4.2.1)
Ta,9 &
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where |1, | denotes the measure of T,, 9. We can easily show that P is also an orthogonal
projection operator from H'(Tq,9) to V), defined in (2.2.3), with respect to the standard
inner product of H'(T, ). Notice that the present G,, G" and S" are now those corre-
sponding to domain 2 = T, 9. Denote by S{,ﬁaﬂ the finite element space S over domain
Q = T,p. Then we find that Séia’g contains the constant functions and the S™* for the
present H!(f) is

Sq, = POSg, . (4.2.2)

From now on, we will omit the subscript T, for the norms, semi-norms and inner

products related to the domain 7, .

Noting that VP% = Vv and (f, P'v) = (P°f,v) for v € H (T, ), equation (4.1.2)

for the present u € V), becomes
(Vu, Vo) = (P° f,v), Yov € Hy(Thy), (4.2.3)

which reduces to (4.1.16) under (4.1.17). Likewise, Eq.(4.1.5) for the present {\,u} €
R x (V25 \ {0}) becomes

(Vu, Vo) = Mu,v), Yv € Hy(Tap), (4.2.4)
since P%u = u. By Lemma 4.1.2, the above u belongs to H*(T,4) NV, with
uly < Mull (42.5)

The same way, we denote by A% the minimum eigenvalue A" in equation (4.1.14), where
S5 is relaced by S™°.

Under the preceding preparations, let us apply Lemma 4.1.1 to estimate A\™° in terms
of the one \° of (4.1.5) or (4.2.4). The minimizer associated to A is denoted by u° with the
normalization condition |[u’|| = 1. As vy, in (4.1.15) can be taken arbitrarily, we can choose
various candidates from S™°. One possibility is to utilize the interpolation IT}u° (€ 5279)
of u°. Unfortunately, it may be outside of S™Y but its projection P°(IT}u°) can be used
thanks to (4.2.2). By taking advantage of properties of the orthogonal projection (4.2.1),
we find that

|u® — P (TG u°)], = [u® — T u’)y, (4.2.6)

[ — P (114) || = [|P° (u® — ) || < [ — ]| (42.7)
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Using (4.1.8) and (4.2.5), we can evaluate the above in terms of h, \°, C% and C%.
Unfortunately, we have not obtained sufficiently accurate theoretical upper bounds for
Ch as was noted in Section 2.4.1. So we should avoid the use of such a constant from
theoretical standpoint.

Another possibility is to use @} := A°G™%0, which is surely in S™° and is suggested

by the identity u® = A\°G%u°. For this choice, we have

u’ —apl < Ju’ =P () | = Ju’ — I’y , (4.2.8)
0
0_ ~0 0_ ~0 . |G° g — vy
_ < |u® — @0, — = 2.
|lu’ — || < |u” — ) sup inf (4.2.9)
geLa(Tuon(0y nes™e g

In this case, we only need the estimate in H' semi-norm (4.1.8), that is , the values of h,

A% and C}. Hence we avoid the use of C¥.
Based on the above considerations, we have now the following two a priori error

estimates.

Lemma 4.2.1. (A priori estimates for \"°) Let \° and \'° be defined as above. Then if
ChR2NY < 1,

Ch)\O)Q
A0 < A0 < )0 (& . 4.2.1
SAT S AT AT o)y (4.2.10)
Similarly, if C?h2)\0 < 1, then
h\0)\2
A< AP0 < N0 4 (CiX) (4.2.11)

(1—Cph20)2

Remark 4.2.1. In actual application of the above estimates, where the exact value of
Ch(Ch resp.) may not be available, we can use an appropriate upper bound ch (C‘g resp. ).
From the considerations in Section 2.4.1 for concrete values of these constants, (4.2.10)
would give a better bounding than (4.2.11), if an accurate upper bound CN’Q of C% becomes

available.

Let us define two functions related to (4.2.11) and (4.2.10):

Ch)? 1
(Cit) 0<t<——

—_— 4.2.12
- coee Ot ) (42.12)

¢071(t) =t +
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(Cit)?
(1 — Ch?h2t)? Ch?p2

where ¢ is the variable, while other quantities are considered just parameters. Since these

toa(t) :=t+ 0<t< ), (4.2.13)

two functions are continuous and monotonically increasing on their domains of definition,
they have their inverse functions, v I and Yo, 5, to be monotonically continuous over in
(0,00). Then we can easily obtain the following a posteriori estimates for bounding \° by

numerically obtained A\*°.

Theorem 4.2.1. (A posteriori estimates for A°) Let X\°, N0 4; 1 and 1y, be defined as
above. Then it holds that

1
TP S AT SN < (4.2.14)
5
Uia M) S AT S AN < (42.15)
4

Proof. From the preceding theorem, we have for example, (0 <)A™? < 4y 1(A?) < 41 (A"0)
if N0 < 1/(CER?). Then (4.2.14) follows immediately by operating 1 to this inequality,
while (4.2.15) can be obtained similarly.

]

It is now straightforward to obtain boundings to the constant Cy(cv, ). For example,
we have from (4.2.14) that

1/VARO < Cola, 0) < 1/4/g1 (AM0)  if A0 < (4.2.16)

Cin?

Remark 4.2.2. The method above to give a posteriori estimate for \° can be also used to
give estimates for the classical Dirichlet type eigenvalue problem over the bounded convex
domain Q: Find the smallest A\ € R and associated v € H} () \ {0} such that

(Vu, Vo) = Mu,v), Yo & Hy(9). (4.2.17)

For this purpose, we need to define the finite dimensional space S" N HY(Q) and adopt
the result for the reqularity of solution as in Lemma 4.1.3, while the projection operator

similar to P° is not necessary since Iju € S" N H ().
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4.3 A posteriori estimation of C;(«,0)’s (i = 1,2,3)

Secondly, we give a posteriori estimates to C;(«,8)’s (i = 1,2,3). In current cases,
the notations defined in preliminary have concrete forms: Q = T4, H}(Q) = V., and
Shs = Shi .= SN Vi, (i =1,2,3). Also, let us define an operator P' : H'(T, ) —
Vig(i€{1,2,3}) by

1

Py :=v—
lei]

/ vds, Yve& HYT,y), (4.3.1)

where |e;| denotes the length of edge e;. Unlike PV, the above operators are not well

defined over Ly(T,y0), but the following relations similar to (4.2.2) still hold:
Shi=pigh (1<i<3). (4.3.2)
Let p@’s (i = 1,2,3) be the three vertexes of triangle T}, , that i,
pM =0(0,0), p? =A(1,0), p® = B(acosh,asinb).

Suggested by [36], we introduce quadratic functions f;’s (1 <14 < 3) of x = (x1,x2) by

fiwy, 1) = 4“;;'79’ |z — pD?, (4.3.3)

where |z — p®| denotes the Euclidean distance between 2 and p®.
These functions are sufficiently smooth and satisfy
% =d;jone;, Vije{l,23}.

Then, for each v € H'(T, ), we find that

/ vds = (Vf;, Vv) + (Af;,v),
so that (4.3.1) can be rewritten by

Piyi—u-— ‘61" (V. Vo) + (Afuv)], Vo€ HY(Ty,) .
Similarly to (4.2.3), (4.1.5) for the present u € V! ;, becomes
(Vu, Vo) = (f, P'v), Yve H (Tyy), (4.3.4)
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which can be rewritten by

%ﬁ),%) =(f- %Aﬁ,v} . Yoe HY (T,g). (4.3.5)

By Lemma 4.1.2, we find that u + %fl € H*(T, ) with

(V(u+

(f,1)
lei

Hence, by using the triangle and Schwarz inequalities, we have

(fa 1) V |Ta,9‘

el el

<|f- (ffl)

2 leil

‘u—i— fi

Afill - (4.3.6)

Juls < IFIl +

(Lfil + AL < NI A1 {1+ (\f¢|2+||Afi||)} - (437)

Clearly, it holds that

Ta 0| = %sin@, le1] = 1, |ea] = o, |es| = V1 + a2 — 2acos ¥,

\/i ’61’
= Y2IALL Af= 9L
e = FIARIL A% =2
so that we have, for i € {1,2,3},
luly < (2+V2/2)|f]l - (4.3.8)

Also, the eigenvalue problem for the present {\,u} € Rx (V,\ {0}) (1 <i < 3) becomes
(Vu, Vo) = AMu, P'v), Vv e H' (T,,) . (4.3.9)

Thus, we can utilize the results for (4.3.4) by taking f in (4.3.4) as Au in (4.3.9).

The approximation problems corresponding to 4.1.10 and 4.1.14 are also given by using
Sh’s (1 < i < 3). Then, just like Lemma 4.1.1 and Theorem 4.2.1 for Cy(a, #), we have
the following results for C;(a, 0)’s (1 <7 < 3).

Theorem 4.3.1. [ A priori and a posteriori estimates for N\, (i = 1,2,3) | For each
i € {1,2,3}, let X' and A\ be the smallest eigenvalues of (4.1.5) and (4.1.14) in the
case where HY(Q) = Vi, and S™* = S™" ¢f.(4.8.2). Then, if (MCyh)* < 1 with M :=
2 +/2/2, it holds that

(MCEA)?

A AN :
=0 ST eN

(4.3.10)
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and, if \* < 1/(MCFh)? < 1,
P H AT <N <A (4.3.11)

where

Pi(t) ==t + (MCyt)? 1<i< 3) , (4.3.12)

1
I0<t < ——r—;
(1= M2(C})*h2t)? ( (MCh)?'
which is continuous and monotonically increasing.

Remark 4.3.1. Because of the factor M ~ 2.7071 - - - | efficiency of (4.5.10) is worse than
that of (4.2.10). In the present case, estimates corresponding to (4.2.11) and using C do
not appear to be fully effective unlike those in the preceding subsection. This is attributed
to the fact that we cannot at present obtain desirable estimates for |[u — P* (IT}u) || (Vu €

Lo NH?*(Thp); 1 <14 <3), since P is not definable over Ly(Tap) and hence we cannot

take advantage of the best approximation property with respect to the Lo norm.

Remark 4.3.2. In the procedure of obtaining (4.5.8), we find that the coefficient M =
(24+/2/2) depends on the selection of f;’s, which reminds us of finding improved functions

for smaller M. We leave this work to future research.

Remark 4.3.3. By using the similar techniques, we may further give a posteriori estimate

for constants such as C1V2 and C1H23 | where we need a priori estimate for the eigenvalue
problem: Find {\,u} € R x (V{1’2’3} \ {O}) such that

a,f

(Vu, Vo) = Mu,v), VYoe V23N (T, ,).

)

To deal with the constraint conditions associated to V23t we need to specify the func-
tions like f;’s in (4.3.3), which is not so obvious. However, such associated functions may

be constructed in the finite element spaces, although we do not discuss such topics here.
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4.4 Numerical results for a posteriori estimates for
constants

To show the validity of the a posteriori estimates developed in the previous sections,
we will take the constants Cy = Cy(1,7/2) and C; = C}(1,7/2) as examples and perform
numerical evaluations. With no further efforts, the quantitative estimates for other con-

stants C;(a, 0)’s (i = 0,1,2,3) can also be done similarly.

We denote the associated eigenvalues by A\g = C;? and \; = C; ? and show the results

as below.
N | bounds for Ag by 9 % bounds for Ag by g, % bounds for Ay by ¥, !
2 159890 < A\p < 11.7155 | 6.5550 < A\g < 11.7155 A < 4.30711
3 | 7.8874 < Ao < 10.7213 | 8.1463 < Ao < 10.7213 | 1.9780 < A\ < 4.2102
4 | 8.7512 < Ay < 10.3570 | 8.8616 < Ao < 10.3570 | 2.6006 < \; < 4.1713
8 9.6055 < A\p < 9.9946 | 9.6143 < A\g < 9.9946 | 3.6537 < A\; < 4.1304
16 | 9.8054 < Ay < 9.9012 | 9.8060 < Ao < 9.9012 | 3.9982 < \; < 4.1196
32 | 9.8537 < A\ < 9.8776 | 9.8537 < \g < 9.8776 | 4.0864 < A\ < 4.1168
64 | 9.8656 < Ao < 9.8716 | 9.8656 < A\p < 9.8716 | 4.1085 < A\ < 4.1161
(00) A =72 =9.869604... A1 =~ 4.115858

f In this case, the obtained A is outside the domain of definition for ;.

Table 4.1: A posteriori estimate for \g and \;

Table 4.1 gives the boundings for Ay based on (4.2.15 ) and (4.2.14) of Theorem 4.2.1
and those for A; based on (4.3.11) of Theorem 4.3.1, where the conforming P; finite element
method is adopted. We tested several meshes, which are uniform ones composed of small
triangles similar to the entire domain 7' (See Figure 4.1). In practical computations, the

values for the important parameters Cf and C and h are specified below as

Ch<Ch=05 Cl<Cr=017, h=1/N,

where N is the number of subdivision for the mesh, for example, N = 4 in the Figure 4.1.

Notice that C* = 0.5 is a theoretical upper bound of C, but the one C?' is a numerically
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obtained approximate upper bound of CZ at present. We tested (4.2.14) only to see its

effectiveness experimentally.

Figure 4.1: Triangulation of T' (N = 4)

We can observe that the present simple methods can actually bound Cy and C; from
both above and below. As is expected, (4.2.14) gives better lower bounds than (4.2.15)
for coarser meshes. Table 4.1 also shows that the lower bounds obtained for C; are in
general rougher that those for Cy. This is probably attributed to the existence of the
factor M = 2 + \/5/ 2. Even in this case, we can obtain reasonable results by mesh

refinement.

4.5 A posteriori estimates for eigenvalue of Laplacian
operator over disk

As an application of the approach we constructed in the previous sections, here we
will try to evaluate of the first eigenvalue of Laplacian over the unit disk.

Let A(> 0) be the one characterized by the eigenvalue problem over unit disk €2: Find
minimal A > 0 and u € H*(Q) \ {0} such that

—Au=Auin Q, w=0o0n0dN. (4.5.1)

As we can show, the eigenvalue A is the square of the first zero of the Bessel function Jy,
which will help us test the precision of the estimation.

As the circular boundary cannot be presented by polygon, we use the regular n-
polygonal domain Q" (Figure 4.2) to approximate the disk, and then consider the de-

termination of A" of the eigenvalue problem over there: Find minimal A\* > 0 and
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Figure 4.2: Circumscribed regular hexagonal polygon Q¢ (left) and inscribed one ¢
(right) associated to unit circle

ue H*(Q)\ {0} such that,
—Au = N'uin 2", w=0on0Q". (4.5.2)

Here, 2" can be either Q" or 27, which are the inscribed n-polygon and the circumscribed
one of the unit disk, respectively.

By considering the Rayleigh quotient and the extension theory of Sobolev spaces, we
can show that the exact solution of eigenvalue problem (4.5.2) over an inscribed regular
n-polygon QF of the unit disk can give an upper bound for A in (4.5.1), while the one on
circumscribed polygon €27 will supply a lower bound. For each polygonal domain, we can

apply the piecewise linear FEM to evaluate the eigenvalues \".

As for meshes, we first triangulate the right triangle AOAB with OA =1 and AB =
tanm/n and ZOAB = m/2 just as we did for T and T, in the preceding problems by
dividing each edges uniformly into /N segments. Notice that by a reflection and rotations,
we can immediately obtain whole meshes for 27, see Figure 4.3. The constants in Theorem
4.2.1 can be taken as

V3/N ifn=3

n B
Cy =05, h_{ 1/N ifn>4"
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Figure 4.3: Meshes for n-polygonal domains (2" with N =5, n = 3,4,5,10
where o < 1 in all cases.

We solve the problem of (4.5.2) with Q" = Q7 and summarize the results in Table

4.2, from which we can experimentally see the effectiveness of our bounding method.
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Z

bounds for A

N

bounds for A

N

bounds for A

O o0 N O Ot s W

gt ot Ot Ot ot Ut Ot Ot

3.9082 < A < 4.4963
4.7700 < A < 5.0211
5.0049 < A\ < 5.2826
5.1387 < A < 5.4323
5.2220 < X < 5.5257
5.2774 < X\ < 5.5879
5.3160 < A < 5.6313
5.3440 < X\ < 5.6628

10
10
10
10
10
10
10
10

4.2688 < A < 4.4147
4.8954 < A < 4.9569
5.1590 < \ < 5.2273
5.3114 < X < 5.3839
5.4078 < A < 5.4831
5.4727 < X < 5.5498
5.5185 < A < 5.5969
5.5520 < A < 5.6313

100
100
100
100
100
100
100
100

4.3853 < A < 4.3868
4.9344 < A < 4.9351
5.2075 < A < 5.2082
5.3659 < A < 5.3667
5.4666 < A\ < 5.4674
5.0346 < A < 5.5354
5.9827 < A < 5.5836
5.6181 < A < 5.6190
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Chapter 5

Quantitative a posteriori error
estimates for FEM solutions of
Poisson’s equation

In the past four chapters, we have paid efforts to give quantitative estimates to various
error constants. As we noted at the beginning of this dissertation, the concrete values
or upper bounds will enable quantitative error estimation for the FEM solutions of PDE
problems. In this chapter, by applying the obtained results for the error constants, we
consider a hypercircle-based a posteriori error estimation method for Poisson’s equation,
which gives computable estimates for the FEM solutions.

Also, to demonstrate the feasibility of this method, we will examine Poisson’s equation

over L-shaped domain and propose quantitative error estimation for its FEM solutions.

5.1 Hypercircle-based a posteriori error estimates

We reconsider the problem of Poisson’s equation over a polygonal domain 2, which
may be nonconvex one, with regular familiy of triangulation {7"} (h > 0). For each
T", we consider the lowest-order Raviart-Thomas triangular finite element space W" C
H(div,Q), cf. Eq.(3.1.10) or [14, 29]. In the following, we introduce the hypercircle-based

a posteriori error estimation [17, 29].

As in Chapter 2, assume u € H}(Q) to be the solution of the variational problem with
f € Ly(Q):
(Vu, Vo) = (f,v),Vv € Hy(Q). (5.1.1)
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Let u" € H}(Q) be the solution of (4.1.16) with f replaced by Qyf, that is,
(Vu", Vo) = (Quf,v), Yve€ HYQ). (5.1.2)

Noting that (f — Qnf,v) = (f — Qunf,v — Quv) for each v € H} () (C Ly(Q)), we have
that

IV (=) < CLRIF—Qufll (< CERf i f € HYQ) ), (5.13)

where
h.— = . 1.4
Cy Ir(ng&?% Colak,0k), h Ir(ne%g% hy (5.1.4)

Here, {ak, 0k, hi} are the ones related to the element K as in Section 2.2.

For p, € W (C H(div; ) with div p, = Q" f, we find that, for each v € H}(Q),
1 1
[Vo—pull* = IV (0=u") P+ [[Ve" =pall?,  [IVe" =5 (Votpi)| = SIIVo=pill. (5.15)

The equations above imply that the three points Vu", Vv and py, in L, (2)? make a hyper-
circle, the first having a right inscribed angle. Here, the vector function pj is available as
a FEM approximation of u, e.g., the Raviart-Thomas mixed FEM solution. By a proper
choice of concrete function v € H}(Q2) and applying the hypercircle equalities (5.1.5), we

can obtain a posteriori error estimates for (Vu — py):
IVu = prlle < IV(u—u")llo + llpn = Vu'lla < [IV(u—u")]la + Vo = prllo. (5.1.6)
Another approximation of u is given by (Vv + p,)/2 with the error estimate:
1 X 1
IVu =S (Vo tpille < [IV(u = u)lle + SIVe = prlle- (5.1.7)

A typical example of v is the conforming P; finite element solution, for example, the
continuous piecewise linear function u, € V{ defined in (2.1.4). Another example is
obtained by appropriate post-processing, such as nodal averaging or smoothing, of non-
conforming FEM solution such as the u;, € V" characterized in (3.1.3). A cheap method
of constructing a nice v may be also an interesting subject. If we use Vj,uy, the one in
Vh in (3.1.3), instead of the modified one @, € V", we must evaluate some additional
terms. Fortunately, such evaluation can be done explicitly by using C% and some positive

constants.
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5.2 Nonconforming FEM and Raviart-Thomas
mixed FEM

We have already introduced the Raviart-Thomas space W" for auxiliary purposes.
But it is well known that the present nonconforming FEM is closely related to the mixed
Raviart-Thomas FEM [5, 35]. Here we will summarize the implementation of such a
mixed FEM by slightly modifying the original nonconforming P; scheme described by
Eq.(3.1.3). The original idea in [5, 35] is based on the enrichment by the conforming
cubic bubble functions with the L, projection into W", but we here adopt nonconforming
quadratic bubble ones to make the modification procedure a little simpler.

Here, we write V" defined in Eq. (3.1.2) as V" for simplicity. Firstly, we replace f in
Eq.(3.1.3) by Qnf. Then wy, is modified to uj € V" defined by

(thz, Vh’l)h) = (th, ’Uh) , Y, € Vh. (521)

Secondly, we introduce the space V} of nonconforming quadratic bubble functions by
defining its basis function ¢x associated to each K € T" as follows: ¢y vanished outside
K and its value at € K is given by

3
_1 G2 1 (@) G
drc(w) = |2 —E;\x — 2, (5.2.2)

where | - | is the Euclidean norm of R?, ¢ is the barycenter of K, and 2’s for i = 1,2,3
is the i-th vertex of K. It is easy to see that the line integration of ¢ for each e of K

vanishes:

/d)Kd’y =0. (5.2.3)

Now the enriched nonconforming finite element space V7 is defined by the following direct

suim:

Vh=vtovh. (5.2.4)

By Eq.(5.2.3) and the Green formula, we find the following orthogonality relation for
(Vh'7 Vh'):
(Vh’l)h, Vhﬂh) =0, Yy, € Vh,Vﬁh € Vél . (525)

Then the modified finite element solution @, € V" is defined by
(Viiin, Vitn) = (Quf, on), Vo, € VP, (5.2.6)
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Thanks to Eq.(5.2.4), the present 4, can be obtained as the sum:
th = u;: + oy, s (527)
where u} € V" is the solution of (5.2.1), and «ay, € V2 is determined by

(Vhon, ViB) = (Quf, Br), VBn € VP, (5.2.8)

i.e., completely independent of uj. Moreover, oy, can be decided by element-by-element

computations. More specifically, denoting ay, |k as ax ¢k |k, Eq.(5.2.8) leads to

ax(Vor,Vorx)k = (Qnf ¢x)x, VK €T", (5.2.9)

where (-, ) denotes the inner products of both Ly(K) and Lo(K)2.
Let X" be the piecewise constant function space over triangulation 7". Define {py,, 7} €
LQ(Q)2 X Xh by
P = Vhah, ﬂh = Qhah . (5210)
By applying the Green formula to Eq.(5.2.6), we can show that p, € W" and also that

the present pair {p,, U} satisfies the determination equations of the lowest-order Raviart-
Thomas mixed FEM:

(ph, qh) + (ﬂh, div qh) = O; th c Wh,
(5.2.11)

(divpn,vp) = —(Quf,vn); Vo, € X"

By the uniqueness of the solutions, {pp, @} is nothing but the unique solution of Eq.(5.2.11).
In conclusion, denoting the constant value of Q. f|x by fx (= [, fdz/meas(K)), we
have for K € 7" and x € K that

pr(x) = Viug(z) = %?K(x — 29), (@) = uj (2%) — Tl — 2 Z [2]%), (5.2.12)

which coincide with those in [35] and are easy to compute by post-processing.

Now we state the following theorem.
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Theorem 5.2.1. Given data function f € Lo(Q), suppose u € HE(Q) to be the solution
of (2.1.2) or (4.1.16) and uj € V" the nonconforming FEM solution of (5.2.1). We
post-process u} to construct p, € W (C H(div;Q)) as we do in (5.2.12). Then for any
v € HYQ), we have

IVu = Vollo + [Vu = pille < Vo = palla + Cg hlIQnf — flla - (5.2.13)
If f belongs to H*(Y) as well, the estimate can be further improved as
IVu = Volla +[[Vu—pilla < [Vo = pallo + (C5)*R?|fl10 - (5.2.14)

Remark 5.2.1. If we prefer to give an error estimate for nonconforming solution wuy, we

can have a rough one based on equation (5.2.12),

1 _
IVu = Viunll < [Vu = pall + > Troxll (5.2.15)
KeTh
V2
< [Vu=pall + = R I£] (5.2.16)

Remark 5.2.2. As we can see, the error estimations in Theorem 5.2.1 is based on the
auxiliary problem of modified Poisson’s equation with Qnf. In practical computation, we
can omit such pre-processing of f and solve the variational equation (3.1.3) directly to

obtain uy,. Then after post-processing as we do in (5.2.12) , that is, on each K € T",
. 1 a
pu(x) = Viu(w) = 5 fre(z —27),

we can obtain Py, which may not belong to W' any more. To give an error estimate for

|Vu — pr||, we estimate the term py, — pp, = Vyu), — Viuy as
IVnuy, — Vuy|| < CERIQuS — £ -

Thus, taking pn in equation (5.2.13) as p, = pn + (pn — Prn), we can deduce an error

estimate as

IVu = pulla < Vo = pulla +3C3hlIf = Qnflla - (5.2.17)

Notice that the part || f — Qnf|| converges to zero faster if f belongs to H(2).
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5.3 Numerical results

To confirm the validity of the error estimates in Theorem 5.2.1, we will consider two
computational examples for Poisson’s equation with the homogeneous Dirichlet boundary

condition: one is over the unit square domain and the other the L-shaped domain.

5.3.1 Poisson’s equation over the unit square

As in Section 3.7, we take f = sinmzisinmzy € H'(Q). We here show only the

estimate (5.2.13) to see its efficiency.

02l —k— HVu - thhH _—
’ —e— a priori estimate ////

—— a posteriori estimate e ///Jr

0.1

0.005 = | | |
0.0625 0.125 0.25 0.5
)

—— h (log-scale

Figure 5.1: Numerical results for |Vu — V,uy|| and its estimates versus h

As the domain is triangulated in the same way as in Section 3.7, we can take the value
of the constant C? as C = 1/7. The function v in (5.2.13) is taken as the P; conform-
ing FEM solution defined in (2.1.4). The computational results are shown in Figure 5.1,

where we can see that the a posteriori one gives a better result than the a priori one.

5.3.2 Poisson’s equation over L-shaped domain

Secondly, we consider the Poisson’s problem on L-shaped domain (see Fig 5.2) with

homogeneous Dirichlet condition:
—Au=fin Q;u =0 on 092,
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where f € L*(Q) is given by

14

2
f:singe (27‘2/3—1—?(7“— 1)7“1/3) r<1; f=0,r>1.

Here (r,0) are the variables in the polar coordinates. Also, the fact that f ¢ H!(Q) is
easy to verify.

Since the domain has an interior angle to be obtuse, we know that the solution belongs
to H'(2) but may not belong to H?(2), which make both the a priori and a posteriori

error estimates difficult. In current case, we know the exact solution for the problem is
2
u=(r— 1)27“2/3sin(§ 0),r<1l; u=0,r>1.

It is easy to see that u € H'(Q2) but u ¢ H?*(Q).

(-L1) (1,1

0.0 ®.0)

(=1,-1) (0,-1)

Figure 5.2: L-shaped domain

Subdivide the domain by right triangles as in Figure 5.2 and then solve the given
problem by utilizing the conforming finite element space Vchnf and the nonconforming

one V. Let ulY € V. be the one that
(Viur', Vavy) = (Qnfovn), Vo, € VE(Q), (5.3.1)
and uf € Vs be the one for

(Vul V) = (f,vn); Yo, € Ve (). (5.3.2)

By post-processing u} as we deal with u} in (5.2.12), we can also obtain @ and p, =

V6. Then we apply the estimate in (5.2.13) to give an estimate for both |[Vu — Vu!||
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and ||Vu—V, a2 ||, where the constant Cf! can be taken as C' = Cy = 1/7. We summarize

the computational results in Table 5.1.

h || |[Vu—Vu§| | |Vu§ — Vil |[+Cohl| f — Qunf|| = total estimate
1/2 0.4315 0.4476 + 0.2576 = 0.7052
1/4 0.2778 0.3719 + 0.0865 = 0.4584
1/8 0.1661 0.2064 + 0.0291 = 0.2355
1/16 0.0985 0.1280 + 0.0098 = 0.1378
1/32 0.0587 0.0786 + 0.0033 = 0.0819

Table 5.1: A posteriori estimates in the case of L-shaped domain
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Chapter 6

Overview and future work

6.1 Summary of present research

For the well known linear conforming and nonconforming triangular FEMs, we have
studied the corresponding interpolation errors to give quantitative a priori and a posteriori
error estimates for the FEM solutions.

In this process, we have given systematic analysis for the error constants that appear
in the interpolation error estimation. For each constant, we have studied the dependency
of the constants on geometric parameters of the element and tried to determine the con-
crete values or give suitable upper bounds in special cases. Thus the quantitative but
rough interpolation error estimation becomes available for arbitrary element. Here we

summarize the results below.

On triangle Taﬂ,h, for u € HQ(Taﬂ’h), NS Hl(Ta,gﬁ) and q € H(le, Taﬂ,h)a

ng,e,h : v — Hg,e,hUH < 1/m ¢o(0)h |uly,
H:&,e,h : lu — H:&,e,hu‘l < 1/2 gu(0)h |ul2,
Ju — I}, g pull < 0.36 ¢5(0)h* |ul,,
H}J,Z,h: Ju — aGhuH < 1/(4m)¢o(0) h* |uls,
IVu = Vil pull - < 1/méo(8) b [uls,
Mo lg =I5 pqll < Cra(e, 0)R[|div qf| + Cra(e, 0)hlqls

where ¢;(0)’s are defined in (3.2.15) and Cp;’s defined in (3.3.7) and (3.3.9).
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Also, the analysis of the dependency of the constants on geometric parameters en-
sures the uniform boundedness of C;(«,8)’s (i = 0,1,2,3,5,{4,n},{5,n}) on arbitrary
element with fixed medium edge length. On the contrary, the constants Cy(c, ) and
Cra(a,0) will tend to oo when the maximum angle tends to m. Therefore, when we use
either conforming FEM or nonconforming one, we should follow the "maximum angle
condition” in the triangulations of the domain, that is, the maximum interior angle of

the triangle should be bounded above from 7, while the smallest angle can be close to zero.

To evaluate the constants on arbitrary triangular element, we also developed an a
posteriori estimation method to give computable lower and upper bounds for the con-
stants. Such method is based on the theories of the eigenvalue problem for Laplacian.
Not limited to triangular domains, the method we developed can also be used to estimate
the minimum positive eigenvalue of Laplacian on more general domains. One example of

convex polygonal domain has been executed to show the validity of the method.

Combining the explicit error estimates for interpolation and the analysis for conforming
FEM and nonconforming one in Section 2.1.2 and 3.1, we can obtain computable a priori
error estimates, which are summarized in (2.1.8) and (2.1.9) in the conforming case, and
(3.1.15) and (3.1.17) for the nonconforming one. Compared with the earlier results of
[4, 45] for the conforming FEM, our error bounds is much shaper since better estimates
of the constants are adopted. The a posteriori error estimate based on the hypercircle
method is also developed for the Poisson equation, which uses both conforming FEM

solution and the nonconforming one.

6.2 Future research

The research on evaluating error constants and enclosing eigenvalues is very interest-
ing and challenging work. Compared with the results obtained in this dissertation, there
are much more left to do in the future. Here, let us list up some possible and meaningful
researches in the future.

In the following subsections, we will give a sketch of three topics, that is,

1. evaluation of the second and also n-th eigenvalues of Laplacian,
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2. use of conforming space of vector functions for evaluating eigenvalues of biharmonic

operator,

3. study of error constants in anisotropic element.

6.2.1 Enclosing the second eigenvalue of Laplacian

In the previous chapters, we have developed methods to give quantitative estimates
for error constants, which correspond to the first positive eigenvalue of linear operators.
Here, we will consider the problem of estimating the second eigenvalue of Laplace opera-

tor. This work is still under progress and is not completed yet.

Preliminary

Unlike the notation in previous chapters, we here define by 7" a general triangle. The

edges of T are denoted by €1, e; and e3. Let us introduce a linear space V(T or V'
VIT) = {v € Hl(T)y/ vds =0} .
€1

and the constant C' be defined in term of the Rayleigh quotient:

C?:=X= inf R(u), where R(u) := % for u e H'(T) \ {0} .
ueV1\{0} ’ HUH%Q(T)

€3

€2

€1

Figure 6.1: Triangle T'

Recall that when T' is a unit isosceles right triangle and e; is one of the edges of right

interior angle, the constant above reduces to the Babuska-Aziz constant.
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We can also characterize A in the variational form: Find the eigenpair (A\,u) € R X
(VH(T) \ {0}) with \ being the smallest positive eigenvalue such that

(Vu, Vo) = Mu,v), Yve VYT). (6.2.1)

In this section, we will try to consider the second eigenpair (Mg, uz) of the eigenvalue
problem (6.2.1). To distinguish the pairs from each other, we write the first eigenpair by
(A1, u1). Moreover, the eigenfunction u;’s (i = 1,2) are assumed to be normalized and

orthogonal to each other in Lo(T), that is,

HulHLQ(T) = HUQHLQ(T) =1, (u1’u2) =0.

Approximation in conforming finite element space

Let S" be the conforming piecewise linear finite element space over a triangulation
Th of T, and V' := S" N V!, We consider the eigenvalue problem in V!': Find
(An,up) € R x (VIR {0}) such that

(Vuh, Vvh) = )\h(uh, Uh), Y, € Vl’h . (6.2.2)

The i-th eigenpair is denoted by (A; s, ;). By the minimum-maximum principle to be
mentioned below, it is easy to see \; < A (i = 1,2). The estimate for |\ — Ay 5| was

given in Section 4.3 (or cf. [34]).

To approximate the functions u; and wug, we introduce two associated functions u

and Ty 5, which are characterized by the following variational equations: for u;; € V1" |
(VﬂLh, V’Uh) = )\1(U1, ’Uh), Yoy, € Vl’h . (623)

- Lh
and for uy;, € V5",

(Vﬂg,h, Vl)h) = )\Q(UQ, Uh), Y, € Vl’h . (624)

By arguments analogous to those in Section 4.3, we find |u;|o,r < M||Au;||pyry (0 =

1,2). Further noticing the fact that —Awu; = A\;u, we have
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Considering the finite element error estimates for the approximation %, 5, and %y, as
in (2.1.8) and (2.1.9), we have for each ¢ = 1,2 that

HV(UZ - ﬂi,h)” S Iih|ui|2,T S IihM)\i, HUZ - Hi,h” S I{2h2‘ui‘27T S IiQhQM/\Z' s (626)
where M = 2 +1/2/2 is the same one as in Theorem 4.3.1, and s and h are defined by

k:= max Cy(ag,0k), h:= max hg .
KeTh KeTh

Here ag, 0k and hx are parameters related to element K (cf. Section 2.2). Notice that

k can be given concrete upper bounds due to the estimates in Chapter 2.
Minimum-maximum principle
By the minimum-maximum principle [50], the n-th eigenvalue of the problem (6.2.1)

and (6.2.2) are characterized respectively by

Ap = mi R(u), App = mi R , 6.2.7
R e =y g, ) (020

where B, and B, ;, present any n-dimensional subspaces of V' and V1" respectively, i.e.,
dim|B,| = dim|B,, ;| =n € N.
From the assumption that (ui,us)r = 0 and the error estimates in (6.2.6), we can

show that u; and w, are linearly independent if
KPRPMN < 1/2 (i=1,2). (6.2.8)

Notice that the above condition can be numerically verified by considering the relation
that \; < X\, for i = 1,2, where \;;’s are computable. Therefore, with the condition

(6.2.8) satisfied, we can construct one 2-dimensional space Ba;, C V1" by
By = span{iy j, Uz, } - (6.2.9)
Let us introduce a new quantity A, := max, ¢B,, L(un). Then we have

M < < R(@ig), Ao <op <A (6.2.10)

Estimate of second eigenvalue
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As is well known, the value )\, can be characterized by the maximum eigenvalue of
the following eigenvalue problem:

( (Vrp, Var,) (Va,, Vi) ) (cl) th( (Wi, W) (Win, Uap) ) (cl) ’

(Vg p, Vuy ) (Vg p, Via,) Co (Uop, Urp)  (Uop, Uap) Co
(6.2.11)

where (c1, ;)7 is the eigenvector corresponding to A,. The matrix equation above is in

fact an approximation of the one below:

< (VU16VU1) (Vug(,)wg) ) (2) - A( (ulbul) (ufw) ) (2) . (6:2.12)

As each component of matrices in (6.2.12) can be well approximated by the corresponding

one in (6.2.11), the eigenvalue ), is expected to be close to \s.

By considering Eq.(6.2.3) and Eq.(6.2.4), we can transform (6.2.11) into

(Mur — Mg, Us)  (Aqur — Ay, Ua ) ) ( c1 )
~_ " ~_ " =0. 6.2.13
( (Ao — Apliop, Wi ) (Aaus — Ao p, Uap) C2 ( )

Hence, we obtain a determination equation for \j, as follows:
a X +bdmtc=0, (6.2.14)
where the coefficients {a, b, c} are

a = |[Tpll?- a2l = @, T2n)?*
b= —Xa(uz,Uap) - [Winll? = M(ur,@p) - [Tanll* + (M (ur, Uon) + Ao(uz, Wi p)) - (Wrn, Uan) ,

c= MAa(ur,Tp) - (U2, Uop) — MA2(ur, Uap) - (U, Trp) -

Before giving bounds for {a,b,c}, we summarize the estimates for the terms appearing
above: fori,j =1,2,(i # j)

1= K2REMN; < ||uin]| < 1+ k2R2EMN;
1 — k2WEMN; < (wiyuip) < 1+ K2REM,
|(ui, )| < K2REMN;
| (@i W) < (i — wiy win) |+ [, win)| < (82R2MN) (L + K2R MA;) + K2 R2MA;
(6.2.15)
Hence, we can give estimates for a,b and c as
ac[l—e,1+¢],

be [—(M+ ) —e,—(M + X)) + &2,
c€[MAr—€e3, A+ €3],
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where each ¢; (i = 1,2, 3), depending on variables A\; and Ao, is constructed to be mono-
tonically increasing with respect to each variable if we fix the other one. Clearly, \p is

the maximum solution of Eq.(6.2.14), that is,

) —b+ Vb? — dac
h — .
2a

By using the fact that Ay < Ay and the known estimate for A\, we can obtain an upper

(6.2.16)

bound for A\, as
()\27}1 S) Xh S ¢(M7 R, Alah; )\2) ) (6217)

where ¢(M, Kk, A\, h; A2), to be denoted by notation ¢(Aq) for simplicity, is selected to be
a monotonically increasing function with respect to Ao and ¢(A\y) — Ay as h — 0. The

inequality above is in fact an a priori estimate of \p,.

Combining the estimate in (6.2.10) and (6.2.17), we have one computable a posteriori
estimate for Aq:
¢ (Aan) < A2 < Ao (6.2.18)

provided that the estimate for A; is known. At present, we have not fully succeeded in

evaluating the error of A\; and its influence to ¢.

Remark 6.2.1. The procedure above aims to give an upper bound for A\, by A1 and o,
where we rely on the quadratic formula (6.2.16) to give an explicit form of \,. However,
to evaluate the n-th eigenvalue, the eigenvalues of (6.2.11) are the zeros of polynomial of
degree n, which does not have any explicit formula for n > 5. To solve this problem, we

are considering other methods by adopting the interval computations.

Remark 6.2.2. If the computation shows that A1 < Ao and |Aap — Ao| < |Aon — Avnl,
then we have A1 < Ay < Aa. Thus Ay is separated from \i, which means the multiplicity
of the first eigenvalue Ay to be 1. Also, by adopting the minimum-maximum principle, we

may hope to develop a posteriori estimation method to evaluate the n-th eigenvalue.

6.2.2 Space of conforming vector functions for estimating eigen-
values of biharmonic operator

For the constants such as Cy(o,0) and Cyany(a,0), the corresponding weak forms
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have 2nd order derivatives, which make the problems very difficult to solve. As for this,
in section 2.4.2, we have introduced a new constant 0{476123}(04, 6), which has the Rayleigh
quotient defined over space of vector fileds. By using the finite dimensional space for con-
forming vector functions, we can get approximate values of Cy c123) (e, 0) (Figure 2.7 and
Figure 2.8), which seem to give nice upper bounds for Cy(«,#). As an alternative to
direct estimation of Cy(a, ), it may be meaningfurl to evaluate the constant Cfy .12y by
applying the conforming finite element methods. Since there are only derivatives up to
the first order in the corresponding PDE, it is desirable to give a posteriori estimates like
those for C;(a, 0) (i =0,1,2,3).

The conforming vector function space suggested above is defined on triangle T, o by
M" = {w = (u,v) € S"(T,4)* | / w-tids =0,i=1,2,3}, (6.2.19)

where each t; is the normalized vector in the direction of edge e; and S"(T, ) is the
conforming finite element space composed of the piecewise linear functions. Noticing that

S"(Tw,e) C HY(T,4), it is easy to see that M" is a subspace of the following one:
M = {w = (u,v) € H'(Tnp)* | / w-t;ds =0,i=1,2,3}. (6.2.20)

Such finite element space is effective to compute approximate values of Cy 123}

However, the space M" is not included to

Mgrad = {(alua 82’&) ’ UAS V4(T0179)} )

where the curl-free condition djou — 0x1u = 0 is required. So we hope to design a new

conforming FE space such that

g

M 4= {w = (up,vy) € S"(Tap)? | / w-t;ds =0 (i=1,2,3) and
€
82uh = al’l)h in Taﬁ.} . (6221)
The approximation capability of the functions in M g’}rad may be doubtful, since the curl-
free constraint requires the same number of algebraic relations as that of finite elements.

But our analysis shows that the vector (0ju,dyu) seems to be well approximated by

functions in Mg«ad if v is smooth enough. Numerical computations in several cases also
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demonstrate the validity of such conforming vector function spaces. However, there are

still much efforts needed for systematic analysis.

Once the theoretical analysis for the conforming vector function spaces is done, it may
be possible to design a posteriori estimation method to deal with the eigenvalue problems

of biharmonic operator, e.g., those for Cy(a, 6).

6.2.3 Error constants for anisotropic element

An anisotropic element is a finite element that can be very slender in one direction,
and the maximum angle of the triangular element may be close to w. Such an element is
often required in the analysis of the convection-dominated equations, which appears in the
problems of heat transport in water flow, carrier transport in semiconductors and so on. In
view of singular perturbations, these problems accompany special boundary layers where
the solution varies much faster in the normal direction than in the tangential direction.
Therefore, the anisotropic mesh optimization with the adaptive finite element method is
indispensable. We hope to give sharper a posteriori error estimation and improve mesh

optimization, by which computation time can be greatly saved.

As we mentioned in Remark 2.2.1, we may give error estimation of the form

2

1/2
v =TI g 0l1 7 g < B (Z cij||aijv||;a,9,h> for v € H*(Thyg), (6.2.22)

ij=1

where ¢;;’s are to be suitably chosen to give sharp estimates for given function v.

A conventional way in error analysis is first to consider the interpolation error con-
stants on a reference element and then consider an appropriate transformation between
an arbitrary element and the reference one. Therefore, we can find proper choice of ¢;;’s
and decide the element direction according to the a priori estimate for the given function
v [20]. But the optimal estimate cannot be obtained in such a way. To sharpen the
estimate, we need to directly consider the interpolation error estimate on slender triangle.
Moreover, the interpolation function considered there usually has a priori information,
which will lead to the nonlinear constraints for the corresponding minimization problems.

The processing of these nonlinear constraints may still remain as a challenge.
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